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Abstract

We obtain several stability results for minimal two-sided surfaces immersed in a wide
class of 3-dimensional Riemannian warped products, which includes the class of Riemannian
products. As a consequence, some Bernstein-type results are provided. Moreover, a non-
existence theorem for a certain non-linear elliptic equation is obtained.

Mathematical Subject Classification: 53A10, 58J05.

Keywords: Minimal stable surface, Riemannian warped product, Bernstein problem.

1 Introduction

There is an important subclass of minimal surfaces that contains that of area-minimizing surfaces:
the class of stable minimal surfaces. Basically, a stable surface is area-minimizing relative to nearby
surfaces with the same boundary. In variational terms, minimal surfaces are critical points of the
area functional for compactly supported normal variations. Then, a minimal surface is stable if
the second derivative of the area functional is non-negative for such normal variations. However,
if for some deformation the second variation is negative, then there are nearby surfaces of smaller
area, and the surface is called unstable.

Stable surfaces have become a fashion research topic which has received many interesting con-
tributions in the last decades. Thus, Barbosa and Do Carmo [2] proved that for a surface ¥ in R3, if
the area of the spherical image N(D) C S? of a domain D C ¥ is smaller than 27, then D is stable.
The result above provides a sufficient condition for a surface to be stable, but also the assump-
tion of stability has significant consequences. For instance, Schoen [13] obtained a bound for the
Gaussian curvature of stable surfaces which allows to obtain important structural consequences



for the surface. Thus, from the mentioned inequality it can be concluded that every complete
stable minimal surface immersed a 3-dimensional Riemannian manifold with non-negative Ricci
curvature is totally geodesic [13], and that the stable complete surfaces in R? are planes [5]. On
the other hand, Shoen and Yau used the existence of certain area-minimizing surfaces to obtain
topological obstructions to the existence of metrics with positive scalar curvature [14], [15].

More recently, Meeks and Rosenberg have classified the properly embedded minimal surfaces
in M xR, where M is a compact Riemannian surface [10].

As well-known, in the classical paper [4] Bishop and O’Neill introduced the notion of warped
product manifold, which widely generalizes the usual product of Riemannian manifolds. In this
way, they obtained a large class of Riemannian manifolds with negative curvature (see also [12,
Chapter 7]).

In this work we deal with the stability of minimal surfaces immersed in a 3-dimensional Rie-
mannian warped product I x ¢ M, where (M, g,,) is a (connected) complete Riemannian surface,
I C R an open interval in R endowed with the metric dt?, and f > 0 a smooth function on I.
We will assume that the warping function f is convex, i.e., with non negative second derivative
(see Section 3.1 for the details). This is a natural assumption which was already considered by
Bishop and O’Neill in their aforementioned primigenius definition. Of course, this setting widely
generalizes the one of standard Riemannian products (f = 1).

The paper is organized as follows. In Section 2, we generalize a classical characterization due to
Fischer-Colbrie and Schoen [7] for stable minimal surfaces immersed in a 3-dimensional Riemannian
manifold (Theorem 1). In Section 3.1 we revise some basic facts for surfaces immersed in a 3-
dimensional Riemannian warped product, and give some technical results. We devote Section 3.2
to provide our main results. Thus, we first prove that every minimal two-sided surface with positive
angle function v (which is satisfied, in particular, when the surface is locally a graph) immersed in a
3-dimensional Riemannian warped product I x y M with f” > 0 is stable (Theorem 4 and Corollary
5). Letting v be non negative instead of positive, we provide several conditions for a minimal two-
sided surface to be either stable or be contained in a minimal cylinder (Theorems 6 and 9). When
the ambient space has non-negative Ricci curvature, we get some Bernstein-type results thanks
to a well-known result due to Schoen [13], so giving sufficient conditions for a minimal two-sided
surface to be totally geodesic (see Theorems 10 and 11). As a consequence of this study, we get
a non-existence result for the nonlinear elliptic equation of minimal graphs in I x; M when f is
linear (Theorem 13). Finally, we provide some specific results for the particular case when the
fiber is compact (Section 3.3) and when the 3-dimensional Riemannian warped product is Einstein
(Section 3.4).

2 A first general result

Let 3 be a surface immersed in a 3-dimensional Riemannian manifold (M, g) and let us denote by
(, ) the induced metric on . Let us suppose that 3 is two-sided, i.e., its normal bundle is trivial
and so there is a unit normal vector field N globally defined on Y. Take A the shape operator
associated to N.



Provided that ¥ is minimal, its stability is determined by means of the quadratic form
Q) == [ (Bn+|APn+ RN M) n. 0 € GR(S), 1)

where Ric stands for the Ricci curvature tensor of M, A denotes the Laplacian with respect to
the induced metric (, ) on ¥ and |A|> = trace(A42) (see [6]). Observe that, from the divergence
theorem,
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where V denotes the gradient with respect to (, ), and so @ can be rewritten as
Q) = [ (90 = (AP + FR(N.N) o). 0 e G (). 3)

In fact, the minimal surface X is stable if, and only if, Q(n,n) > 0 for all n € C5°(%).

On the other hand, Fischer-Colbrie and Schoen proved in [7] that the condition above is equiv-
alent to the existence of a positive function v € C*°(X) such that Lu = 0 for the Jacobi operator

L = A+ |A]* +Ric(N, N). (4)
Our aim in this section is to generalize this last result as follows:
Theorem 1 Let ¥ be a minimal surface immersed in a 3-dimensional Riemannian manifold
(M,q). Then X is stable if, and only if, there exists a positive function u € C°(X) such that
Lu <0.

Proof: Bearing in mind the result by Fischer-Colbrie and Schoen, it is enough to prove that if there
exists a positive function u € C*°(X) satisfying that Lu < 0, then ¥ is stable.

Thus, let us assume that there exists such a function u and take n € C3°(X). Observe that we
can put = pu for a certain ¢ € C§°(%).

Using (2) we have that
/ |Vn|? = —/ pul\(pu) = —/ (gOQUAu + pu?Ap + 2<pu<ch,Vu>) .
by b by
Then, since Lu < 0 we get from (3) that

Q(n,m) = 7/2 [QDQ’U, (Au + (|A|2 + Ric(N, N)) u) + oul AN + 2pu(V, Vu)]

Y

1
—/ (pu* D + 20u(Vep, Vu)) = —/ <2<V¢2,Vu2> +<pu2Aw>
> ¥

— [ vePatzo
b
which finishes the proof. Above we have also used that
div(u’Ve?) = (V?, Vu?) + v’ Ap® = (Vo?, Vi) + u® (2pLp + 2|Ve|?)

and the divergence theorem. O



3 Surfaces in Warped Products

3.1 Set up

Let (M, g,,) be a (connected) complete Riemannian surface, I C R an open interval in R endowed
with the metric dt?, and f > 0 a smooth function on I. We will denote by M = I x; M the
product I x M endowed with the Riemannian metric

g=—m;(dt*) + f(m,)? 7}, (90) (5)

where 77 and 73, denote the projections onto I and M respectively. Then, (M,g) is a Riemannian
warped product with fiber (M, g,,), base (I, —dt?) and warping function f (see [12, Chapter 7]).

We will denote by T = Vt the gradient of ¢ := 7, for the metric g. In M we will consider the
closed conformal vector field  := f(#)T. In fact, from the relationship between the Levi-Civita
connections of M and those of (M, g,,) and (I,dt?) [12, Cor. 7.35], it follows that

Vxé=[f(t) X (6)

for any X € X(M), where V is the Levi-Civita connection of the metric (5).

Let ¢ : ¥ — M be an isometric immersion of a surface ¥ in M and let us denote by (, ) the
induced metric on X.

Throughout this paper we will assume that X is two-sided, i.e., there exists a unit normal
vector field N, the Gauss map of i, globally defined on . Moreover, we will assume that the
angle function v = g(T, N) does not change sign on X. Specifically, we will take N such that v > 0
on Y. In particular, note that if 3 is a local graph, then the angle function does not change sign
on X; actually, it is v > 0.

The family of surfaces ¥; = {t} x M, t € I, constitutes a foliation of M by complete totally
umbilical leaves of constant mean curvature (log f)'(t) = J}(—(tt)) that we will call slices. Note that the

condition (log f)”(¢) > 0 means that the mean curvature of the slices is non-decreasing. Observe
that the condition f”(t) > 0, that we will use later, is weaker than (log f)”(¢) > 0. As commented
in the Introduction, the assumption f” > 0 was initially considered by Bishop and O’Neill when
they introduce the notion of Riemannian warped product [4].

We will say that a surface 1) : ¥ — M is contained in a slab if it is contained between two
slices. In other words, the height function 7 = t o is such that 7(X) C [t1,ta] for 1,85 € I,
t1 < ty. Observe also that a surface ¥ : § — M is contained in a slice if, and only if, ¥ = 1 along

.

Next we compute the operator L given in (4) on the distinguished function g(¢, N) defined on
Y. First, from (6) the gradient of 7 on ¥ can be calculated to obtain

Vr=T"=T-vN,
where by ()T we mean taking the tangential component of a vector field along 1), and so

VG(¢,N) = —f(r)A(TT) (7)



where A is the shape operator associated to N. Then the Laplacians of 7 and §(£, N) on X become,
respectively,

- f'(7) 2 v
AT = o) (1+ )+2H
and
M o
AGEN) = —2f(r)g(VH,V7) — gEN) (1—17) (Kf()” T (log f>”<7>)
af (r)H — (¢, N) | AP, ®)

where H is the mean curvature of ¥, K™ the Gaussian curvature of M and |A|? = trace(A?).

We will also use that, for a minimal surface (H = 0), we have

VaE NP = ZIAP (F()? ~3(E NY). )

In fact, let us take a local orthonormal frame {E;, E2} on ¥ with AE; = pE; and A(E3) = —puFs
for a certain function . If we put TT = k1 E; + ko Es for certain functions k1 and ko, then

1 1
GATT,ATT) = 12(k + k) = S AR |T7[° = S1A] (1= v?)
which jointly with (7) allow to obtain (9).

Observe that the Ricci curvature Ric of M can be expressed in terms of the Ricci curvature
Ric,, of M (see [12, Cor 7.43]) as

RV, ) = Riey (v, 17) (2007 + (o 1)) (V. 19) ~ g 1) 0V, D)gOW. ), (10

where V,W € X(M) and VM =V —g(V,T)T, WM =W — g(W,T)T are their projections on M.
In particular, we have that

KMO’ITM

f(r)?

f'(7)
f(r)”

Ric(N,N) = (1 -1?) ( (11)

T (1ogf)”(T)) 2

With all of this, we get

Lemma 2 Let ¥ be a minimal two-sided surface immersed in a 3-dimensional Riemannian warped
product M =1 xy M. Then

Lg(&, N) = —2?1(:)) 3EN).

Next, we compute the Gaussian curvature K of ¥. If we denote by S the scalar curvature of

M, it is a straightforward computation (see [1, Section 2]) to check that

K= %Efmuv, N) +2H? - %|A|2. (12)



Furthermore, we have that (see [12, Ex. 7.13])

S KM

O O (RN

(13)

Finally, from (12), (13), (11) and using also the Gauss and Codazzi equations of the isometric

immersion v : ¥ — M, we get

f’(T)Q_ _ 2 KMO”'M
77 )( TGE

KMoy
W‘i‘?HQ— ‘A|2. (14)

T (log f)”(T)) n

To end this section, we will describe a special family of minimal surfaces which will play an
important role later

Example 3 Given J C I and v : J — M a smooth curve defined in a certain real interval j,
consider the cylinder

C(J,y)={(t,y(s):teJ seJ)} CIxs M.
Observe that C(J,~) is minimal if, and only if, v is a totally geodesic curve in M.

On the other hand, given an immersion 1 : & — M with Gauss map N, it is easy to check
that the angle v vanishes identically on 3 (or equivalently G(§, N) =0 on X) if, and only if, (%)
is contained in a cylinder C(J,7) for a certain v :J — M.

3.2 Main Results

As a direct consequence of Theorem 1 and Lemma 2, we have the following two results for surfaces
with positive angle ¥ > 0 (and so, in particular, for local graphs).

Theorem 4 Let ¥ be a minimal two-sided surface immersed in a 3-dimensional Riemannian
warped product M =1 x;y M. If v >0 and f"(1) >0 on X, then X is stable.

In particular we have

Corollary 5 Let M = I x; M be a 3-dimensional Riemannian warped product whose warping
function satisfies that f"” > 0. Then every minimal two-sided surface with v > 0 is stable.

The hypothesis on the angle function can be weaken, letting v be non negative, to obtain the
following result

Theorem 6 Let 3 be a minimal two-sided surface immersed in a 3-dimensional Riemannian
warped product M = I xy M, with v > 0. If f’(1) = 0 on X, then either v > 0 (and so X
is stable) or v vanishes identically on ¥ and so (X)) is contained in a minimal cylinder C(J,7).

Proof: Under the assumptions of the theorem, we know that the Jacobi operator L satisfies that
Lu = 0 for the non negative function v = g(&, N). Let us assume that there exists a point py € X
where u(pg) = 0 and take V(po) a relatively compact open neighborhood of py in X.



Let us take L
m = min{0, inf (|4|*> +Ric(N,N))}.
V(po)
Then, for the elliptic operator L' = A + m we have that L'(—u) > 0 on V(po), and so u vanishes
identically on V(py) (see, for instance, [8, Theorem 3.5]).

Thus, a standard reasoning allows to conclude that v = 0 on ¥, namely v = 0 on X. The proof
finishes using Theorem 4 and Example 3. ]

Remark 7 The minimal cylinders described in Example 3 are not stable in general. For instance,
for the simplest case of products (f = 1), when the fiber M is compact such cylinders are stable
if, and only if, 7 is a closed totally geodesic curve in M [10].

Next we provide a geometrical condition to conclude that f”(7) vanishes identically on the
surface

Proposition 8 Let M = Ix M be a 3-dimensional Riemannian warped product such that (M, g,,)
is a complete Riemannian surface whose Gaussian curvature is bounded from below and the smooth
function f: R — (0,400) satisfies that (log f)” > 0 and inf f > 0.

Then every complete minimal two-sided surface immersed in M contained in a slab, with v > 0,
satisfies that f"(7) = 0.

Proof: Let us take A = inf f > 0. Using (8) and (9), we get

Blog(@l6, M) +3) = ey {5 (F0? =6 M)~ 36 N) (36 V) + ) |AP
7 KMoy
&) @6 W)+ 0 (- ) (S o)) b )

Since f(1) > A, we have that

SIAP ((r)? = 36 N)?) +3(E N) (36, N) + NIAP = 5(3(6 N) + 24P

and so, from (15), it follows that

Alog(g(e, N) + A) < —2&N) (1_V2)(KMO7TM

o "r _1 2
v B os )" () - 5lAP. (10

Now, consider on ¥ the metric, conformal to the induced metric (, ), given by
g=(g(&N)+ X, ),

which is complete because (, ) is complete and A > 0. Let us denote by K the Gaussian curvature
of ¥ furnished with the metric g.

From the well-known relation

G(&N)+N)° K = K - A(g(E,N) + \)



we obtain that
_ 2 _f/(T)2 ~ (o " . _ V2 M
GEN)+ N K > e (log f)"(r) (1 ) <1+ g(g,N)+>\>
EMomy

e (10w

where we have used (14), (8) and (16). In particular, since K™ is bounded from below, then so is
K.

We will use the following generalized maximum principle for Riemannian manifolds given by
Omori [11] (see also Yau’s paper [16]):

Let 3 be a complete Riemannian manifold whose Ricci curvature is bounded away from
—o0 and let u: X — R be a smooth function on 3.

a) If u is bounded from above on X, then for each € > 0 there exists a point p. € ¥
such that

|[Vu(p:)| <e, Au(p:)<e, supu—e<u(p:) <sup u;

b) If u is bounded from below on X, then for each € > 0 there exists a point p. € ¥
such that

[Vu(pe)| <e, Au(p:)>—e, infu<wu(p:) <inf u+e.

Here Vu and Au denote, respectively, the gradient and the Laplacian of u.
Let us denote by A the Laplacian operator on (X, g). Then we have that

~ 1
AT = O FIE N2 Ar. (17)

As we are assuming that the surface ¥ is contained in a slab, the smooth function 7 is, in
particular, bounded from below. Hence, from the generalized maximum principle we know that
for each m € N there exists a point p,, € % such that

1~
— = < Ar(py).
< 7(pm)

f/(inf )
, f(inf )
since 7 is bounded from above we obtain that J}((Ss&l;):)) < 0. Therefore, by using also that (log f)” >
0, it follows that f/(7) = 0 and the thesis follows immediately. a

Then, letting m — oo and using (7) and (17), we obtain that > 0. Reasoning analogously,

Since there are not complete cylinders contained between two slices, from Theorem 6 and
Proposition 8 we conclude

Theorem 9 Let M =1 x¢ M be a 3-dimensional Riemannian warped product such that (M,g,,)
s a complete Riemannian surface whose Gaussian curvature is bounded from below and the smooth
function f: R — (0,400) satisfies that (log f)” > 0 and inf f > 0.

Then every complete minimal two-sided surface v : ¥ — M contained in a slab, with v > 0,
is stable.



As a consequence of the following well-known result due to Schoen [13],

every complete stable minimal surface immersed a 3-dimensional Riemannian manifold
with non-negative Ricci curvature is totally geodesic

we have the following Bernstein type result:

Theorem 10 Let X be a complete minimal two-sided surface immersed in a 3-dimensional Rie-
mannian warped product M = I xy M with non-negative Ricci curvature, such that v > 0 (resp.
v>0). If f'(r) =0 (resp. f"(7) >0) on X, then ¥ is totally geodesic.

Proof: 1t follows from the aforementioned Schoen’s result, Theorem 6 and the fact that the minimal
cylinders C(J, ) are totally geodesic. a

Let M = I x ¢ M be a 3-dimensional Riemannian warped product. In the particular case when
the positive function f is linear, f(¢t) = at + (8, with a # 0, it must be I C {t e R : at + 8 > 0}.
Hence, for this kind of warping function it is I # R and there are no complete minimal cylinders
as those described in Example 3. Therefore, under these assumptions we can conclude that every
complete minimal two-sided surface such that v > 0 is stable.

Observe that, from (10), the Ricci curvature of M is given by
1-g(X,T) @
ft)? ft)

for all unitary vector field X € X(M). If we assume that f(t) = at+ 3 (a could be zero) and
KM > o2, then M has non-negative Ricci curvature. In this scenario, from Theorem 10, we get
that every complete minimal two-sided surface with v > 0 is totally geodesic.

Ric(X) = (KM — f'(t)?) (1+3(X,T))

In the particular case when ¥ is compact, since g(&, N) is a non-negative function whose
Laplacian is non-positive (see (8)), then g(§, N) is constant. We can reach the same conclusion if
3. is complete and non-compact. In fact, using that the Gaussian curvature K of X is given by
(see (14))

gEN? v
K="—"-(K" —a“), (18)
f)?
which is non-negative because K M > o2 from a classical result by Ahlfors and Blanc—Fiala—
Huber [9] we conclude that ¥ is parabolic and reasoning as above we get that g(&, N) is constant.

So we have

Theorem 11 Let 3 be a complete minimal two-sided surface immersed in a 3-dimensional Rie-
mannian warped product M = I x y M such that f(t) = at + B and KM > o®. Ifv > 0 then X is
totally geodesic and G(§, N) is constant.

Remark 12 At this point, it worths pointing out some specific features of the cases a # 0 and
a=0.



o If a # 0, then the totally geodesic surface ¥ cannot be a slice of M. In fact, the slices
¥, =A{t} x M, t € I, have non-zero constant mean curvature Hy = a%w This fact will be
used later in Theorem 13.

o [fa =0 and X is compact, it is easy to reason that ¥ is a slice. In particular, as a consequence
the fiber M is also compact.

On the other hand, if o = 0 and ¥ is complete (non-compact), again from Theorem 6 we
know than either v =0 and so X is a cylinder, or v = cte > 0. In the last case, if there exists
a point ¢ € M where KM(q) > 0, then ¥ is a slice. In fact, under this assumption, from
AgG(E,N) = 0 it follows that the constant function v must be 1 on 3. A standard reasoning
using [12, Lemma 14, chapter 4] allows to conclude that X is a slice. In particular the fiber
M s also complete. Note that the assumption KM (q) > 0 at some point cannot be removed,
as shows the classical Bernstein’s theorem in R3.

Given (M, g,,) a Riemannian surface, for each u € C*°(M) let ¥, = {(u(p),p) : p € M} be the
entire graph defined by u on M. The subset ¥, can be seen as a regular surface in M = I x; M,
where I denotes an open interval with w(M) C I, and f : I — R is a positive smooth function.
This graph inherits from M a Riemannian metric g, which, on M, is given by

Gu = du® + f(u)ng'

The graph X, is minimal if and only if the function u satisfies the following nonlinear elliptic
equation in divergence form

. Du I () | Dul?
div = 2 — , 19
(f(u) fu)? + IDU|2> f(w)? + |Dul? { f(u)? } 19)

where Du denotes the gradient of u in (M, g,,) and |Dul? = g,,(Du, Du).

As a consequence of Theorem 11 and Remark 12 we get the following non-existence result for
Equation (19):

Theorem 13 Let (M,g,,) be a Riemannian surface and f(t) = ot + [ a non-constant linear
function. If the Gaussian curvature of M is such that KM > o2, being the inequality strict at
some point ¢ € M, then there is no entire solutions to the nonlinear elliptic equation (19).

Proof: Let us suppose that there exists such a solution u, and let ¥, be the graph in M associated
to u. From Theorem 11 we know that g(&, N) is a positive constant.

Let ¢ € M be a point where K (q) > a? and take © C M an open subset such that ¢ € O
and KM (p) > o? for all p € O. Now, since Ag(£, N) = 0 we obtain, using (8), that the graph on
O must be contained in a slice with non-zero mean curvature, which is a contradiction. (|

3.3 Special features for compact surfaces

Let ¥ be a compact minimal two-sided surface immersed in a 3-dimensional Riemannian warped
manifold M = I xy M. As commented in Section 2, ¥ is stable if the quadratic form @ given in
(1) satisfies that Q(n,n) > 0 for all n € C§°(X) = C>(X).

10



From Lemma 2, if we take n = g(¢§, N) then

I@) ge, vy, (20)

Q(y(ng)’g(gﬁN)):/EQ f(T)

In particular, we get

Theorem 14 There is no any compact stable minimal two-sided surface in a 3-dimensional Rie-
mannian warped manifold M = I x ¢ M with f"” < 0.

Note that in the theorem above we do not need that the function angle v does not change sign.

On the other hand, observe that if the warped function f is such that f” < 0, then for a
compact stable minimal surface in M = I x; M the integral (20) is zero and so Lg(¢, N) = 0.
From Theorem 6 we know that it must be g(&, N) > 0, and consequently f”(7) vanishes identically.
Thus, we have proved the following result

Theorem 15 Let Y be a compact minimal two-sided surface withv > 0 immersed in a 3-dimensional
Riemannian warped product M = I x y M with f” < 0. Then, ¥ is stable if, and only if, f"(17) =0
on X.

Remark 16 Assume that the fiber M is compact. As is well-known, under this assumption the
slices are compact. Assume also that f” <0 and that

Q={tel:f"(t)=0}

is a set of isolated points. Then, for every ty € Q such that f'(tg) = 0, the minimal slice ¥y, =
{to} x M is stable.

3.4 Einstein Riemannian Warped Products

Let M = I x ¢t M be a Riemannian warped product of a n-dimensional Riemannian manifold
(M,g,,) and (I,dt?), with f a positive real function on I. It is not difficult to check (see [3,
Corollary 9.107]) that (M, g) is Einstein with Ric = ¢g if, and only if, (M, g,,) has constant Ricci
curvature ¢ and f satisfies the differential equation

—fT = and — - = Iz . (21)

It is a straightforward computation to integrate the solutions of (21) to obtain the following:

en+1) (n-1)f?-c

3|al

Lemma 17 The only solutions to Equation (21) are

0,¢c=0and f(t) =a >0 cte.

ol
Il

ec=0,c>0and f(t) =¢,/-%5t+b, where e = £1 and b € R.

11



In particular, since f” = 0 for all the solutions to Equation (21), we are under the hypotheses
of Theorem 6 and we could rewrite this result for surfaces immersed in a 3-dimensional Einstein
Riemannian warped product.

Observe that in a 3-dimensional Einstein Riemannian warped product M = I x; M with
f(t) = at + B, we have that KM = 2. In particular, from (18), every totally geodesic surface in
such an ambient space is flat. So we have:

Corollary 18 Ewvery complete minimal two-sided surface with v > 0 immersed in a 3-dimensional
Finstein Riemannian warped product M =1 x ¢ M 1is flat.
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