
On the concept of infinitesimal position vector
fields in Galilean spacetimes

Magdalena Caballero†, Daniel de la Fuente?, José A. S. Pelegŕın]
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1 Introduction

The first geometric model for Newton’s theory of gravity, also called Newton-Cartan
theory, was obtained by Cartan [4, 5] and Friedrichs [14]. This theory was developed
throughout the twentieth century (see [8, 10, 11, 12, 16, 17, 19, 27]), when we can
also find generalizations where Newtonian spacetimes satisfying the cosmological
principle are introduced [21], obtaining the Newtonian analogs to the relativistic
Robertson-Walker models.

In the current century, we can highlight the work of Bernal and Sánchez [3], where
the concept of Galilean spacetime is defined and the foundations of a generalization
of Newton-Cartan theory is settled in the language of modern differential geome-
try. Recently, de la Fuente and Rubio [7], following the line of Bernal and Sáchez,
introduce the models called Galilean generalized Robertson-Walker spacetimes and
study their geometrical structure as well as the completeness of its inextensible free
falling observers. Also, de la Fuente and Rubio, along with Pelegŕın, have recently
studied the geodesic completeness of stationary Galilean spacetimes as well as the
geometric conditions in these spacetimes that guarantee the existence of a global
splitting as a standard stationary Galilean spacetime [6].

This geometric approach to the Newtonian gravitational theory and its general-
izations continues to attract the interest of physicists and mathematicians despite
the fact that at present, the general theory of relativity constitutes the best frame-
work for the description of the universe and the gravitational phenomenon. This
interest is aroused, among other reasons, by the fact that many issues considered
typical of the theory of relativity are shared with the Newtonian theory after a ge-
ometric approach. Indeed, Newton-Cartan theory can be formulated as a covariant
theory where gravity emerges as a manifestation of the spacetime’s curvature and
the spacetime’s structure is dynamical in the sense that it participates in the unfold-
ing of physics rather than being a fixed backdrop. Moreover, it allows to clarify the
gauge status of the Newtonian gravitational potential [20, Sect. 4.2]. On the other
hand, the geometric Newtonian aproach allows to state in coordinate-free geometric
language the well-known claim that Newtonian gravitation theory (or, at least, a
certain generalized version of it) is the limit of general relativity [12, 13, 18, 19]. It
also has been developed to define post-Newtonian approximations to general rela-
tivity [9, 26]. Indeed, these non-relativistic models have numerous applications in
condensed matter systems [25], cosmology [21], holography [1], quantum collapse
[22], fractional quantum Hall effect [15] and other related phenomena.

Within this framework, we will focus on the notion of observer, which has tra-
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ditionally been inherent to physics. However, if we work on a covariant (geometric)
theory, one might get the false impression that all observers are physically equiv-
alent. An immediate consequence of this error would be to deprive the concept of
its meaning, since thinking that all observers are physically equivalent would make
them irrelevant in the description of a physical scenario. Nevertheless, the reality is
that the covariant character of a geometric theory allows its fundamental equations
to be shared by all observers.

Analogously to the relativistic case, in the generalized Newton-Cartan theory,
each observer can (locally) define his own coordinates via the exponential map.
However, they cannot compare frame-dependent information with another observer
unless they meet at the same point or come close enough so that the absolute space
can be considered, effectively, as flat and then a classical Newtonnian-like situation is
recovered. Since a vector space is needed to define a position vector, and therefore,
the coordinates associated to it, the difference between observers in the classical
theory and in generalized Newton-Cartan theory is mathematical in nature, due to
the fact that a differentiable manifold does not have vector space structure in general.
In order to talk about coordinates in a general n-dimensional differentiable manifold
we need to focus on a localized region of the manifold, a chart, diffeomorphic to Rn.
Thus, in general, observers cannot set up reference frames to explore the whole
spacetime, making the observer’s role strongly local.

Nevertheless, global inferences are not impossible despite the previous comments
on observers using the key concept of symmetry. Indeed, if the quantities that
we are measuring follow a pattern, then the whole spacetime does not need to be
explored since a local study can be extrapolated to figure out global properties of
the spacetime.

In this work, following the terminology given in [3, 6, 7], we devote Section 3
to establish in a accurate mathematical form the notions of infinitesimal relative
position vector field and neighbor vector field with respect to a fixed observer in a
congruence or vector field of observers (Definitions 2 and 3, respectively). Moreover,
we show the mathematical equivalence of these two notions in Theorem 4. Addi-
tionally, in Section 3.1 we provide some physical interpretations of an observer’s
infinitesimal position vectors. Finally, we make use of these concepts in Section 4
to characterize the family of conformally Leibnizian spacetimes introduced in [7] in
terms of a field of observer’s infinitesimal position vector fields in Theorems 9 and
14.
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2 Set up

A Leibnizian spacetime is a triad (M,Ω, g), consisting of a smooth connected man-
ifold M of arbitrary dimension m = n + 1 ≥ 2, a nowhere vanishing differential
1-form Ω ∈ Λ1(M) (Ωp 6= 0, ∀p ∈ M), and a smooth, bilinear, symmetric and
positive definite map

g : Γ(An(Ω))× Γ(An(Ω)) −→ C∞(M), (V,W ) 7→ g(V,W ),

where An(Ω) = {v ∈ TM , Ω(v) = 0} is the smooth n-distribution induced on M by
Ω and the symbol Γ denotes the corrresponding vector fields, so Γ(An(Ω)) = {V ∈
Γ(TM) / Vp ∈ An(Ω), ∀p ∈ M}. Hence, M is endowed with a Riemannian vector
bundle (An(Ω), g). The pair (Ω, g) is called a Leibnizian structure. See [2] and [3]
for details.

The points ofM are usually called events. The Euclidean vector space (An(Ωp) , gp)
is called the absolute space at p ∈ M and the linear form Ωp is the absolute clock
at p. A tangent vector v ∈ TpM is said to be spacelike if Ωp(v) = 0 and, otherwise,
timelike. Additionally, if Ωp(v) > 0 (resp. Ωp(v) < 0), v points towards the future
(resp. the past).

An observer in a Leibnizian spacetime M is a unitary future pointing timelike
smooth curve γ : J −→ M , i.e., its velocity γ′ satisfies that Ω(γ′(s)) = 1 for all
s ∈ J . The parameter s is called the proper time of the observer γ. A vector field
Z ∈ Γ(TM) with Ω(Z) = 1 is called a field of observers, this is, its integral curves
are observers.

When the smooth distribution An(Ω) is completely integrable (equivalently, if
the absolute clock Ω satisfies Ω ∧ dΩ = 0), the Leibnizian spacetime (M,Ω, g) is
said to be locally synchronizable, and making use of Frobenius’ Theorem (see [28]),
it can be foliated by a family of spacelike hypersurfaces {Fλ}. In this case, it is
well-known that each p ∈ M has a neighborhood U where Ω

∣∣
U

= β dt, for certain
smooth functions β, t ∈ C∞(U), β > 0, and the hypersurface {t = constant} locally
coincides with a leaf of the foliation F . Thus, any observer may be synchronized
through the “compromise time” t, obtained rescaling its proper time. In the more
restrictive case dΩ = 0, the Leibnizian spacetime (M,Ω, g) is called proper time
locally synchronizable, and, locally, Ω = dt. Now, observers are synchronized di-
rectly by its proper time (up to a constant). When Ω is exact, Ω = dT for some
function T ∈ C∞(M), called the absolute time function. In this case, any observer
may be assumed to be parametrized by T . Notice that the notion of (local and
global) synchronizability is intrinsic to the Leibnizian structure, applicable for any
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observer, in contrast to the relativistic setting, where the analogous concepts only
have meanings with respect to fields of observers.

According to [3], a vector field is called Leibnizian or rigid if the stages Φs of its
local flows are Leibnizian diffeomorphisms, that is, they preserve the absolute clock
and space, i.e.,

Φ∗sΩ = Ω and Φ∗sg = g.

Equivalently, LKΩ = 0 and LKg = 0. Leibnizian vector fields are also characterized
by

Ω([K,X]) = K(Ω(X)) ∀X ∈ Γ(TM) and

K(g(V,W )) = g([K,V ],W ) + g(V, [K,W ]) ∀V,W ∈ Γ(An(Ω)).

On the other hand, the inertia principle must be codified through a connection
on the spacetime. However, a Leibnizian structure does not have a canonical affine
connection. Therefore, it is required to introduce a compatible connection with the
absolute clock Ω and the space metric g, i.e., a connection ∇ such that

(a) ∇Ω = 0 (equivalently, Ω(∇XY ) = X(Ω(Y )) for any X, Y ∈ Γ(TM)).

(b) ∇g = 0 (i.e., Z(g(V,W )) = g(∇ZV,W ) + g(∇ZW,V ) for any Z ∈ Γ(TM) and
V,W spacelike vector fields).

Such a connection is named Galilean and its restriction to each spacelike leaf of
the foliation F coincides with the Levi–Civita connection associated to g. A Galilean
spacetime (M,Ω, g,∇) is a Leibnizian spacetime endowed with a Galilean connection
∇. In addition, ∇ is symmetric if its torsion vanishes identically (Tor∇(X, Y ) =
∇XY −∇YX − [X, Y ] ≡ 0). From a physical point of view, a symmetric connection
is desirable since it is completely determined by its geodesics, in fact, by the free
falling observers of M .

Given a Galilean spacetime, its connection ∇ induces a connection along any
observer γ. Its corresponding covariant derivative is given by

DY

dt
= ∇γ′(t)Y,

for any vector field Y along γ. The covariant derivative of γ ′,
Dγ ′

dt
, is understood as

the (proper) acceleration of the observer γ. Notice that
DY

dt
= ∇γ′(t)Y ∈ Γ(An(Ω))

for any Y ∈ Γ(An(Ω)). Therefore the parallel transport along γ,

P γ
t1,t2 : Tγ(t1)M −→ Tγ(t2)M,
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satisfies
P γ
t1,t2(An(Ωγ(t1))) = An(Ωγ(t2)).

We can also consider the covariant derivative along any curve α(s) in M . This

curve will be called a geodesic if
Dα′

ds
≡ 0. Notice that if α is a geodesic, then Ω(α′)

is constant along α, and so the causal character is conserved.

For each fixed field of observers Z on a Galilean spacetime (M,Ω, g,∇), the
gravitational field induced by ∇ in Z is given by the spacelike vector field G = ∇ZZ.
The vorticity or Coriolis field of Z is the 2−form ω(Z) = 1

2
Curl(Z), defined as

ω(Z)(V,W ) =
1

2

(
g(∇VZ,W )− g(∇WZ, V )

)
∀V,W ∈ Γ(An(Ω)). (1)

Z is called irrotational when ω vanishes. This definition can be extended to vector
fields as long as Ω(∇VZ) = 0 for all V ∈ Γ(An(Ω)).

It has been proven that, for a fixed field of observers Z on a Leibnizian spacetime
(M,Ω, g), the set of all Galilean connections is bijectively mapped onto

Γ(TM)× Λ2(An(Ω))× Λ2
(
TM,An(Ω)

)
,

see [3, Th.27]. Each Galilean connection ∇ is mapped to
(
G(Z), ω(Z), PZ ◦ Tor

)
,

where

PZ : Γ(TM) −→ Γ
(
An(Ω)

)
, PZ(X) = X − Ω(X)Z, ∀X ∈ Γ(TM). (2)

In particular, dΩ = Ω ◦ Tor, [3, Lemma 13]. Thus, the existence of a symmet-
ric Galilean connection for a Leibnizian structure implies the proper time local
synchronizability of the latter and each symmetric Galilean connection is uniquely
determined by the gravitational field and the vorticity of the field of observers Z.

Additionally, a Leibnizian vector field K in a Galilean spacetime (M,Ω, g,∇)
is named Galilean if it is affine for ∇, that is, LK∇ = 0, where L denotes the Lie
derivative. Equivalently, if

[K,∇YX] = ∇[K,Y ]X +∇Y [K,X], ∀X, Y ∈ Γ(TM).

Finally, a Galilean spacetime with symmetric connection ∇ is called Newtonian
if ∇ restricted to the spacelike vectors is flat and if it admits an irrotational Galilean
field of observers. This kind of spacetimes has traditionally represented the classical
(non relativistic) geometric models of gravity.
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3 Position vector fields in Galilean spacetimes

Let (M,Ω, g,∇) be a locally synchronizable Galilean spacetime, and Z a field of
observers in M . From the integrability of An(Ω), at some neighborhood of each p, U ,
there exists a chart (U ; t, x1, . . . , xn), t(p) = 0, and a smooth function β : U −→ R,
β > 0, such that

Ω
∣∣
U

= β dt , Z
∣∣
U

= R +
1

β
∂t , and Ω(∂xi) = 0 ∀i = 1, . . . , n,

where R is a spacelike vector field on U and ∂t ≡ ∂
∂t

.

The coordinate function t is a (local) compromise time for the observers of Z,
and each spacelike hypersurface (i.e., hypersurface in which every tangent vector is
spacelike) Ft0 ≡ {t = t0} is considered as their “rest space” when the compromise
time is t0.

Let us consider one of the observers of Z, γ : I ⊆ R −→M , and we reparametrize
it such that t(γ(0)) = 0. The compromise time along γ is related with its proper
time through the expression

t ◦ γ (s) =

∫ s

0

dl

β ◦ γ (l)
. (3)

Remark 1 In the particular case of dΩ = 0, the coordinate function t could be
chosen such that Ω

∣∣
U

= dt and Z = ∂t. Moreover, since Ω(γ ′(s)) = 1 for any s ∈ I,
we have that s = t ◦γ(s), i.e., the observer γ is parametrized by the (local) absolute
time t.

Let us recall the exponential map at a point p ∈M given by expp(v) = αv(1) for
all v ∈ TpM such that the unique inextensible geodesic αv in M with initial velocity
v is defined on the interval [0, 1]. From the properties of the exponential map, it
may be found J ⊆ I, 0 ∈ J , and a family of open subsets Es ⊆ An

(
Ωγ(s)

)
such that

the map

⊔
s∈J

Es −→ S =
⋃
s∈J

Ss ⊆M, (s, v) 7−→ expγ(s)(v),

is a diffeomorphism [23, Prop. 5.18], being Ss = expγ(s)(Es) ∩ U . Moreover, since

for any geodesic α(s) we have D
ds

(Ω(α′)) = Ω(∇α′α′) = 0, the causal character is
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conserved along geodesics. In particular, geodesics with spacelike initial vector are
spacelike (i.e., its tangent vector is spacelike at any point). Therefore, Ss ⊆ Ft(γ(s)).

Now, consider another observer σ in Z, next to γ, with σ(0) ∈ S0. Thus, for
each q ∈ Im(σ) ∩ S, there exists a unique spacelike vector in

⊔
s∈J Es, Q(s), such

that q = expγ(s)(Q(s)). This vector field Q(s), will be called the (finite) position
vector field of σ with respect to γ at the instant s ∈ J , and the quantity

dγ(s),σ =
√
g(Q(s), Q(s)),

will be said to be the distance of the observer σ measured by γ at the instant s ∈ J .

Notice that this procedure describes a new parametrization of the worldlines of
the observers of Z close to γ and, as consequence, a new local timelike vector field
Z satisfying Zγ(s) = Zγ(s). We denote by Ψs the local flux of Z, which does preserve
the spacelike character along γ, i.e., if v is a spacelike vector in p = γ(0), then
dΨs

∣∣
p
(v) is spacelike for any s ∈ J .

Let us introduce an infinitesimal notion of the position vector of the neighboring
observers of Z with respect to γ.

Definition 2 Let v ∈ An(Ωγ(0)) be a spacelike vector in the wordline of γ. We
define the infinitesimal position vector field associated to v with respect to γ as the
only Ψ-invariant vector field along γ with V (0) = v,

V (s) = dΨs

∣∣
γ(0)

(v).

Note that V is Lie-parallel with respect to Z, i.e, LZV (s) = 0, for any s ∈ J .

We can characterize now the infinitesimal position vector fields. First, notice the
existence of a positive function h ∈ C∞(M) with (h ◦ γ)(s) = 1, for all s ∈ J , such
that

Z := hZ.

Given an infinitesimal position vector field V ∈ An
(
Ω|γ
)
, a vector field Ṽ may

be defined on a neighborhood of γ such that Ṽγ(s) = V (s) and [Z, Ṽ ] = 0. Hence,

from the spatial character of Ṽ along γ, a direct computation shows that
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0 = Z
(
Ω(Ṽ )

)∣∣
γ

=
(

Ω
(
∇ṼZ

)
+ Ω ◦ Tor(Z, Ṽ )

) ∣∣
γ

=(
Ṽ (h) + h dΩ(Z, Ṽ )

) ∣∣
γ

= V (h) + dΩ(γ′, V
)
. (4)

There is another natural way to describe the relative position of nearby observers
to a given one using the concept of neighbor vector field (see [24, Def. 2.3.2]).

Definition 3 Given a field of observers Z, a vector field W along an observer γ in
Z is called a neighbor vector field of γ in Z if there exists a vector field W̃ along γ
such that

(i) PZW̃ = W , where PZ is defined in (2),

(ii) LZW̃ = 0 (i.e., [Z, W̃ ] = 0).

It is clear that, given a spacelike vector v in p = γ(0), there exists a unique
neighbor vector field of γ in Z such that W (0) = v. The following result shows
the equivalence between the notion of infinitesimal relative position vector field and
neighbor vector field.

Theorem 4 Let Z be a field of observers, γ : I −→ M an observer of Z and v
a spacelike vector in p = γ(0). A vector field W along γ with W (0) = v is the
only neighbor vector field along γ satisfying W (0) = v if and only if it is the only
infinitesimal position vector field for γ satisfying W (0) = v.

Proof. Let W̃ be a vector field defined on a neighborhood U ⊆ M of γ. Let us
denote PZW̃ = Ṽ . We may decompose W̃ = Ṽ + f Z for certain f ∈ C∞(U),
obtaining

[Z, W̃ ] = [Z, Ṽ ] + Z(f)Z.

Thus, taking into account that Z = hZ, we have

[Z, W̃ ] = (1/h)[Z, Ṽ ] + (Z(f) + Ṽ (h)/h)Z.

Considering a function f satisfying Z(f) = −Ṽ
(
ln(h)

)
, the result follows.

�

Notice that (4) provides a new characterization of the infinitesimal vector fields
along γ in Z.
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Proposition 5 Let Z be a field of observers and γ : I −→ M one of its integral
curves. Then, the flux of hZ defines (infinitesimal) position vector fields with respect
to γ if and only if, for some J ⊆ I, h satisfies

(a) (h ◦ γ)(s) = 1, ∀s ∈ J .

(b) dh
∣∣
γ(s)

= −LZΩ
∣∣
γ(s)

, ∀s ∈ J .

Remark 6 In a locally proper time synchronizable Leibnizian spacetime, the flux
ψs coincides with the flux of Z. Therefore, h ≡ 1 and the infinitesimal position
vector fields of an observer γ in Z are simply the Z-invariant spacelike vector fields
along γ.

Using of the local compromise time t in the spacetime, we may obtain a local
expression of the previous function h. Let σ : Iσ −→ M be another wordline
of Z with σ(0) ∈ S0 ⊆ Fγ(0). When its clock marks a value u (supposing that
σ([0, u]) ⊆ U), the compromise time t is

t ◦ σ(u) =

∫ u

0

1

β ◦ σ(l)
dl,

whereas the clock of γ will mark s = (t ◦ γ)−1(t ◦ σ(u)). Therefore,

u(s) = (t ◦ σ)−1 ◦ (t ◦ γ)(s).

Thus,

Zσ(u) =
β ◦ σ(u)

β ◦ γ ◦
(
(t ◦ γ)−1 ◦ (t ◦ σ(u))

) Zσ(u).
Hence, the function h is locally given by

h
∣∣
U

=
β

β ◦ γ ◦ (t ◦ γ)−1 ◦ t
.

3.1 Physical interpretation of infinitesimal position vector
fields

The modulus of the infinitesimal position vector field V (s) may be interpreted as
a measure of the distance from γ to the close neighbor observers in Z. Therefore,
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the covariant derivative DV
ds

= ∇γ ′V represents the velocity with respect to γ of its
close neighbors. For a field of observers Z, let us denote

AZ : Γ
(
An(Ω)

)
−→ Γ

(
An(Ω)

)
, AZ(V ) = −∇VZ, ∀V ∈ Γ

(
An(Ω)

)
.

Observe that, since every infinitesimal position vector field along γ, V (s), is
invariant along the flux of Z, we have

DV

ds
= ∇γ ′V = ∇VZ

∣∣
γ

+ Tor(Z, Ṽ )
∣∣
γ

= −AZ(V )
∣∣
γ
− V (h) γ ′ + Tor(γ ′, V ). (5)

Operating by the left with PZ in (5) we obtain

DV

ds
= −AZ(V ) + PZ ◦ Tor(γ ′, V ). (6)

If the Galilean connection is symmetric, the last member in (6) vanishes, having

DV

ds
= −AZ(V ). (7)

Until the end of the section, we will focus on this case. The linear operator AZ
may be decomposed in its symmetric Ŝ and skew-symmetric ω̂ parts as

−AZ = Ŝ + ω̂,

where Ŝ is self-adjoint for g and ω̂ skew-adjoint. Let us denote by S and ω the
corresponding fields of 2-covariant associated tensors

S(V,W ) = g(Ŝ(V ),W ) =
1

2

(
g(∇VZ,W ) + g(∇WZ, V )

)
= γ′(g(V,W )), (8)

ω(V,W ) = g(ω̂(V ),W ) = Curl(Z)(V,W ), (9)

where V,W are spacelike vector fields in M and ω is the vorticity or Coriolis tensor
field defined in (1). Note that if Z represents the wordlines of the particles of a
fluid and γ is the trajectory of one of them, ω(γ ′) measures how the others turn
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around, which justifies calling this tensor field “vorticity”. The name of “Coriolis
field” arises because ω measures the lack of inerciality of Z due to the observers’
spinning.

On the other hand, the symmetric operator Ŝ can be decomposed as

Ŝ =
div(Z)

n
I + Θ,

where I denotes the identity endomorphism of Γ
(
An(Ω)

)
and Θ is the shear tensor

(the traceless part of Ŝ). The term 1
n
div(Z) = 1

n
Trace(AZ) represents the expansion,

i.e., it measures how neighboring observers go away on average from a fixed observer,
whereas Θ measures the deviations from this average.

Remark 7 The operator Ŝ is intrinsic to the Leibnizian structure and does not
depend on the Galilean connection, see [3, Prop. 23]. This can be proved taking
into account that, for any spacelike vector V ,

S(V, V ) = −g([Z, V ], V ) +
1

2
Z
(
g(V, V )

)
.

In the same proposition it is proven that Z is Leibnizian if and only if Ŝ ≡ 0, (see
[3, Prop. 23]).

From the expression

dΩ(Z, Y ) = Z(Ω(Y ))− Y (Ω(Z))− Ω([Z, Y ]), ∀Y ∈ Γ(TM), (10)

we easily obtain that in the proper time locally synchronizable case LZΩ = 0, i.e.,
the field of observers has a Leibnizian behavior relative to the clock. And so, Ŝ ≡ 0
if and only if the local flows of Z preserve the space.

4 Infinitesimal position vector fields in conformally

Leibnizian spacetimes

In this section we will study the properties and interpretations of the operator AZ
when the field of observers Z is conformally stationary/rigid. First of all, let us
recall the concept of spatially conformally Leibnizian vector field, introduced in [7],
which generalizes the notion of Leibnizian observer.
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Definition 8 Let (M,Ω, g) be a Leibnizian spacetime and K a vector field such that
Ω([K,V ]) = 0 for all V ∈ Γ(An(Ω)). The vector field K is a spatially conformally
Leibnizian vector field if the Lie derivative of the absolute space metric satisfies

L
K
g = 2λ g, (11)

for some smooth function λ ∈ C∞(M). If K additionally verifies

L
K

Ω = λΩ, (12)

for the same conformal factor λ, then K is named conformally Leibnizian vector
field.

Our next result characterizes the behaviour of the infinitesimal position vec-
tor fields associated to an irrotational and spatially conformally Leibnizian field of
observers.

Theorem 9 Let Z be a field of observers in a Galilean spacetime (M,Ω, g,∇) with
symmetric connection.

(a) If Z is an irrotational and spatially conformally Leibnizian field of observers,
γ : I −→M is one of its observers and V (s) is an infinitesimal position vector
field along γ, then the following relation holds,

DV

ds
(s) =

1

n
div(Z)V (s), ∀s ∈ I. (13)

(b) Conversely, if every infinitesimal position vector field V (s) along any observer
γ associated to Z satisfies

DV

ds
(s) = λ V (s), ∀s ∈ I,

for some smooth function λ ∈ C∞(M), then Z is an irrotational and spatially
conformally Leibnizian vector field with conformal factor λ = 1

n
div(Z).

Proof.

From the symmetry of ∇, we get dΩ = 0. Therefore, from (10), we can easily
see that the field of observers Z satisfies

Ω([Z,W ]) = 0, ∀W ∈ Γ
(
An(Ω)

)
.

13



Consequently, assumption (11) may be expressed for our spatially conformally
Leibnizian field of observers Z as

Z(g(V,W ))− g([Z, V ],W )− g([Z,W ], V ) = 2λ g(V,W ), ∀V,W ∈ Γ(An(Ω)). (14)

Moreover, we can write (14) as

g(∇VZ,W ) + g(∇WZ, V ) = 2λ g(V,W ), ∀V,W ∈ Γ(An(Ω)). (15)

Taking into account the irrotational character of Z in (15), we obtain

g(∇VZ,W ) = λ g(V,W ), ∀V,W ∈ Γ(An(Ω)). (16)

Thus, for an infinitesimal position vector field V (t) along γ we deduce from (7)
and (16)

DV

ds
= −AZ(V ) = λV =

1

n
div(Z)V.

To prove (b), it suffices to check out that Z is irrotational, and therefore, in
the previous computations all the necessary conditions are also sufficient as well
as noticing than if condition (11) is satisfied for every infinitesimal position vector
field, it holds for every spacelike vector.

�

This result physically means that γ measures that every neighboring observer of
Z is approaching or moving away (depending on the sign of div(Z)|γ(t)) along its
position direction.

Remark 10 Taking into account [7, Remark 7], it is clear that the only conformally
Leibnizian fields of observers in a proper time locally synchronizable Leibnizian
spacetime are the Leibnizian (rigid) field of observers.

We recall that a Galilean spacetime with symmetric connection admitting a
timelike vector field K ∈ Γ(TM) such that

∇
X
K = ρX, ∀X ∈ Γ(TM), (17)

is called Irrotational Conformally Leibnizian spacetime (see [7, Def. 9]).

As a direct consequence of (17), the vector field K is conformally Leibnizian and
Curl(K)(V,W ) = 0 for all spacelike vector fields V , W .
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When ρ = 0, the vector field K is Leibnizian and so, the spacetime is called
irrotational Leibnizian spacetime. Note that in this case Ω(K) is a constant fuction,
so we can assume that the vector field K is a field of observers.

Corollary 11 A Galilean spacetime with symmetric connection is an irrotational
Leibnizian spacetime if and only if there exists a field of observers Z such that every
infinitesimal position vector field V along any observer γ associated to Z satisfies

DV

ds
(s) = 0, ∀s ∈ I.

Example 12 For instance, consider the Galilean spacetime (I × S, dt, π∗SgS,∇),
where I ⊆ R is an interval of the real line, (S, gS) is an n-dimensional connected
Riemannian manifold, t : I × S −→ I and πS : I × S −→ S denote the canonical
projections, and ∇ is the unique symmetric connection verifying ∇∂t∂t = 0 and
Curl(∂t) = 0. This model is a standard static Galilean spacetime in the sense of [6,
Def. 7] and it is easy to see that ∂t is a Leibnizian field of free falling observers such
that every infinitesimal position vector field V along any observer associated to ∂t
satisfies DV

ds
(s) = 0 for s ∈ R.

Taking into account the local structure of an irrotational (conformally) Leib-
nizian spacetime [7, Th. 12] and the Koszul formula given in [3, Lemma 25], it
is not difficult to see that the field of observers Z is an affine field for ∇. Con-
sequently, in the assumptions of previous corollary, the spacetime (M,Ω, g,∇) is
locally a standard static Galilean spacetime (see [6, Def. 7]).

Corollary 13 Let (M,Ω, g,∇) be a Galilean spacetime with symmetric connection.
If there exists a field of observers Z such that for each infinitesimal position vector
field V along any observer the equality DV

ds
= 0 holds, then (M,Ω, g,∇) is locally a

standard static Galilean spacetime.

At this point, the following geometric question arises. If Z is a field of observers
in a Leibnizian spacetime M , under which conditions on the geometry of M and Z
does there exist a function ϕ such that ϕZ is a conformally Leibnizian vector field?

Theorem 14 Let Z be a field of observers in a Galilean spacetime (M,Ω, g,∇)
with symmetric connection such that DV

ds
is proportional to V for any infinitesimal

position vector field V along any observer. Then,

(a) the equality

15



Ω ∧ d
(
div(Z)

)
= 0 (18)

holds if and only if for any point p ∈M there exists a neighborhood Up, and a
smooth function ϕ ∈ C∞(Up), such that ϕZ is conformally Leibnizian.

(b) if M is deformable to a point, equation (18) is equivalent to the existence of a
global function ϕ ∈ C∞(M) such that ϕZ is conformally Leibnizian.

Proof. Denote by θ(Z) = div(Z). From condition (18), the 1-form θ(Z) Ω is
closed, i.e., locally exact. Thus, locally, there exists a positive function ϕ such
that d(ln(ϕ)) = θ(Z) Ω. Therefore, if W is a spacelike vector field, it follows that
W (ln(ϕ)) = 0, i.e., ϕ is spatially constant, and therefore, Ω([ϕZ,W ]) also vanishes.
Consequently, a direct computation shows that, for any W ∈ Γ

(
An(Ω)

)
,

LϕZ g(W,W ) = 2ϕ
θ(Z)

n
g(W,W ),

where we have taken into account that∇ is symmetric and, by hypothesis, −AZ(W ) =

∇WZ = θ(Z)
n
W . This implies that, locally, ϕZ is spatially conformally Leibnizian

with conformal factor θ(Z)
n

. To complete the necessary condition,

LϕZ Ω(X) = X(ϕ) = dϕ(X) = ϕθ(Z)Ω(X),

for every vector field X. The converse is proved in the same way. Finally, the
topological assumption on M and Poincaré’s lemma allow us to obtain the global
result in (b).

�
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