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On the Symmetries of a Kaehler Manifold
Alma L. Albujer®, Jorge Alcazar and Magdalena Caballero

Abstract. The natural symmetries of Riemannian manifolds are de-
scribed by the symmetries of its Riemann curvature tensor. In that sense,
the most symmetric manifolds are the constant sectional curvature ones.
Its natural generalizations are locally symmetric manifolds, semisym-
metric manifolds, and pseudosymmetric manifolds. The analogous gen-
eralizations of constant holomorphic sectional curvature Kaehler mani-
folds are locally symmetric Kaehler manifolds, semisymmetric Kaehler
manifolds, and holomorphically pseudosymmetric Kaehler manifolds.
Do they differ in some way from their Riemannian analogues? Yes, we
prove they can all be characterized only in terms of holomorphic planes.
Furthermore, the concept of holomorphically pseudosymmetric Kaehler
manifold is different from the classical notion of pseudosymmetric Rie-
mannian manifold proposed by Deszcz. We study some relations between
both definitions of pseudosymmetry and the so called double sectional
curvatures in the sense of Deszcz. We also present a geometric interpre-
tation of the complex Tachibana tensor and a new characterization of
constant holomorphic sectional curvature Kaehler manifolds.
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1. Introduction

A Riemannian manifold (M, g) is said to be locally flat when its Riemann
curvature tensor R vanishes. Along this paper we will consider the Riemann
curvature tensor given by

R(X,Y)ZZVXVYZ—VyVXZ—V[X’y]Z, (1.1)
for any vector fields X, Y, Z € X(M), where X(M) stands for the Lie algebra
of vector fields on M. When necessary, as it is usual in Riemannian geom-

etry, we will also consider R as the (0,4)-tensor given by R(X,Y,Z, W) =
g(R(X,Y)Z,W) for any X,Y,Z, W € X(M).
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The simplest non-flat Riemannian manifolds are the spaces of constant
sectional curvature ¢, for which the Riemann curvature tensor takes the form

R(X,Y)Z =c(X N, Y)Z, (1.2)

Ng being the metric endomorphism in (M, g), defined by X A,Y = g(¥, )X —
g(X, )Y, for any vector fields X,Y € X(M). Generalizing those spaces, Car-
tan considered in [1] the locally symmetric spaces as those such that VR = 0,
that is, with parallel curvature, characterized by the fact that the sectional
curvature of every plane is preserved after parallel transport of the plane
along any curve, see [8].

Going a step further, let us observe that the integrability condition of
VR =01is R- R = 0. Therefore, every locally symmetric space also satisfies
R - R = 0. This fact led Szabé ( [14,15]) to define semisymmetric spaces as
the Riemannian manifolds satisfying R - R = 0. Let us recall here that R - R
is the (0, 6)-tensor on M given by

R-R(X1,X2, X3, X4; X,Y) = (R(X,Y) - R)(X1, X2, X3, X4)
= _R(R(X7 Y)X13X27X37X4) - R(XlaR(X7 Y)X23X3)X4)
- R(Xla X27 R(va)XSaX4) - R(leXQa XSa R(X7 Y)X4)7
(1.3)

for every X1, Xo, X3, X4, X, Y € X(M). As proved by Haesen and Verstraelen
in [5, Corollary 1], semisymmetric manifolds are characterized as those man-
ifolds whose sectional curvature at every point p € M of any plane 7 C T, M,
K (p, ), is invariant, up to second order, under parallel transport of 7 around
any infinitesimal coordinate parallelogram centered at p. It is immediate to
observe that any Riemannian surface satisfies R - R = 0, so the concept of
semisymmetry takes relevance in the case of Riemannian manifolds (M™, g)
of dimension n > 3.

As a natural generalization of these last spaces, the pseudosymmetric
spaces in the sense of Deszcz (see [3] and references therein) are defined as
the Riemannian manifolds (M™, g) of dimension n > 3 for which

R-R=LQg,R), (1.4)
where L € C*°(M) and Q(g, R) is the Tachibana tensor, which is defined by
Q(97 R)(Xla X23 X3, X47 X7 Y) = 7((X /\g Y) : R)(Xla X27 X3a X4)

- R((X /\g Y)X17 X27 X37 X4) + R(X17 (X /\g Y)X27 X37 X4)
+ R(X1, X2, (X Ng V) X3, Xy) + R(X1, Xo, X3, (X Ny Y)Xy),

(1.5)
for X1, X5, X3, X4, X,Y € X(M). The Tachibana tensor may well be the

simplest (0, 6)-tensor with the same algebraic symmetries as R - R.
It is well known that a Riemannian manifold has constant sectional
curvature if and only if its Tachibana tensor vanishes identically, see [4].
Therefore, if (M™,g), n > 3, is a Riemannian manifold with non-constant

sectional curvature, the set of points where the Tachibana tensor does not
vanish identically is an open non-empty subset &/ C M. Given a point p € U,
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a plane m = v Aw C T, M is said to be curvature-dependent with respect
to another plane 7 = ¢ Ay C T, M if Q(g, R)(v,w,w,v;z,y) # 0. In this
context, given p € U and two planes in T,M, 7 = v Aw and T = x Ay,
such that 7 is curvature-dependent with respect to 7, the double sectional
curvature L(p,m, ) of m with respect to T at p is defined in [5, Definition 3]
as

R- R(U,U}, w, v; xvy)
Q(g’ R)(v7w7w’ U; Jj’ y) .

L(paﬂ—vﬁ-) = (16)
The above definitions are independent on the choice of bases for 7 and 7.

Given p € M and two planes, 7 = v A w and T = = A y, such that =
is curvature-dependent with respect to T, Q(g, R)(v,w,w,v;x,y) measures
the change of the sectional curvature K(p,7) under an operation involving
infinitesimal rotations performed at the point p. Specifically, considering " =
v Aw', where v', w’ € T, M are vectors obtained after infinitesimal rotations
of the projections of v and w respectively onto 7, Q(g, R)(v,w,w,v;x,y)
measures, up to order two, the difference K(p,n’) — K(p, ), see [5].

Tt is obvious that if (M, g) is a pseudosymmetric manifold in the sense
of Deszcz, all its double sectional curvatures are independent of the planes.
Furthermore, this is also a sufficient condition: a Riemannian manifold M of
dimension n > 3 is pseudosymmetric in the sense of Deszcz if and only if at
every p € U, for all planes 7 and 7 in 7}, M such that = is curvature-dependent
with respect to 7, L(p,m,7) = L(p) for some smooth function L € C>(M)
(see [5, Theorem 3]). Moreover, M is pseudosymmetric in the sense of Deszcz
if and only if at every p € U, for every planes m and 7 in T, M such that
7 is curvature-dependent with respect to 7, the double sectional curvature
L(p,w,7) is independent of the plane 7 (see [5, Theorem 5]) (see Table 1 for
a summary of the different natural symmetries on a Riemannian manifold.).

Along this work, we will consider Kaehler manifolds (M?2", g, .J) satis-
fying different symmetries. Specifically, we will study constant holomorphic
sectional curvature, locally symmetric, semisymmetric, and pseudosymmetric
Kaehler manifolds. It is worth pointing out at this point that every Kaehler
manifold (M?", g, J) of real dimension 2n > 4, which is pseudosymmetric in
the sense of Deszcz, is also semisymmetric, see [2] and [11]. However, there
exists an example in dimension 2n = 4 of a Kaehler manifold (M4,g,.J)
which is pseudosymmetric in the sense of Deszcz but not semisymmetric,
[11]. Furthermore, the tensors R - R and Q(g, R) do not present the same

Table 1. Natural symmetries on a Riemannian manifold

Locally flat R=0

Constant sectional curvature RX,)Y)Z=c(XNY)Z
Locally symmetric VR=0

Semisymmetric R-R=0

Deszcz pseudosymmetric R-R=LQ(g,R)
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symmetries and properties involving the complex structure J. For these rea-
sons, in 1989 Olszak proposed an alternative concept of pseudosymmetry for
Kaehler manifolds, see [10]. We will refer to this concept of pseudosymmetry
as holomorphic pseudosymmetry.

The manuscript is organized as follows. In Sect. 2, some basic notions
about Kaehler manifolds are recalled and three new algebraic results concern-
ing the symmetries of (0, 5) and (0, 6)-tensors on M are presented: Lemma 2.2,
Lemma 2.3, and Lemma 2.4. In Sect. 3, the complex Tachibana tensor is
defined and, in an analogous way as in the Riemannian case, a geometri-
cal interpretation is given. Such tensor allows us to give a characterization
result of Kaehler manifolds with constant holomorphic sectional curvature:
Theorem 3.3. In Sect. 4, characterization results for locally symmetric and
semisymmetric Kaehler manifolds are proved: Theorems 4.1 and 4.2. Finally,
Sect. 5 is devoted to holomorphically pseudosymmetric Kaehler manifolds.
The relations between holomorphic pseudosymmetry, pseudosymmetry in the
sense of Deszcz and the double sectional curvatures are studied. In particular,
two characterization results for holomorphically pseudosymmetric Kaehler
manifolds are given in terms of the double sectional curvatures: Theorems 5.2
and 5.4.

2. Set Up

A Kaehler manifold is a complex manifold (M?", g, J), of real dimension 2n,
where ¢ is an Hermitian metric on M and the complex structure J is parallel,
ie. VJ = 0. Given (M, g, J) a Kaehler manifold, it is possible to define its
complex metric endomorphism by

(XAY)Z = (XN Y)Z+ (JX Ny JY)Z —29(JX,Y)IZ,  (2.1)

for any X, Y, Z € X(M). The simplest non-flat Kaehler manifolds are those of
constant holomorphic sectional curvature ¢, for which the Riemann curvature
tensor takes the form

R(X,Y)Z = E(X ASY)Z, (2.2)

for any X,Y,Z € X(M).

The following lemma, due to Ogiue [9], gives a sufficient and neces-
sary condition for a Kaehler manifold to have constant holomorphic sectional
curvature.

Lemma 2.1. A Kaehler manifold (M, g, J) has constant holomorphic sectional
curvature if and only if R(X,JX,X,Y) = 0 for every orthonormal subset
{X,JX,Y} in X(M).

When studying further symmetries of any Kaehler manifold, or in gen-
eral of any Riemannian manifold, the tensor R - R proves to be essential.
In addition to the algebraic symmetries satisfied by such tensor on any Rie-
mannian manifold (see, for instance, [5, Lemma 1]), in the case of a Kaehler
manifold it presents a good behaviour with respect to J. Taking into account
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the behavior of R with respect to J, see [7, Prop. 4.5, Ch. IX], the following
lemma is immediate.

Lemma 2.2. The tensor R - R of a Kaehler manifold (M, g, J) verifies
R -R(JX1,JX5, X35, X4;X,)Y) =R -R(X;1, X0,/ X3, JX4; X,Y)
=R -R(Xy,Xs,X3,X4;JX,JY)=R-R(X;, X2, X3, X4; X)Y), (2.3)
for every X1, X0, X5, X4, X, Y € X(M).

Thanks to the following result, (0,6)-tensors on a Kaehler manifold
satisfying the same properties as R - R are characterized by their behaviour
when applied to holomorphic planes.

Lemma 2.3. Let V2™ be a real vectorial space endowed with a complex struc-
ture J and let Ty and Ty be two (0,6)-tensors on V satisfying the following
properties:
(a) Ti(w1, 22,73, 24,75, T6) = —Ti(22, T1, 23, T4, 5, T6) = —T; (71, T2, T4, T3,
,I5,I6) = Ti(I3,$471‘1,I2, ZZJ5,I6),
(b) Ti(wy, 22,73, 24,75, 26) + Ti(x1, 73, T4, T2, T5,76)+ Ti(w1, 24,72, 23,75,
‘rG) = O;
(C) n($1,$2,$3,$47$5,l‘6) = Ti(J$17J$2,$3,$4,$L'5,1'6) = Ti($1,$27J$3,
Jry,x5,%6), and

(d) Ti(w1, 22,73, 24,75, 26) = —Ti(21, T2, 23,74, %6, 75) = Ti(x1, T2, 3,74,
Jas, Jxg),
for every x1,xa, T3, 14,75, 26 € V. If for every u,v € V it holds
T (u, Ju, Ju,u,v, Jv) = To(u, Ju, Ju, u, v, Jv), (2.4)
then T = T5.

Proof. We can assume without loss of generality that 75 = 0.
Given v € V, let us consider the (0, 4)-tensor on V, T", defined by

TU($1,$2,$37$4) :T1($17$27$37$47Ua JU) (25)
From the symmetries of Ty and [7, Prop. 7.1, Ch. IX], we get TV = 0.
Given now x5,z € V, let us consider v = Jxy + xg. Then, Jv =

—x5 + Jrg and so
0 =Ty (1, z2, 3, 24,0, JV)
=T\ (x1, 22,23, T4, J5, Ju6) + T1 (21, 2, 23, T4, T, —T5).  (2.6)
Finally, the result follows from assumption (d).
O

Our last algebraic result is proven in an analogous way.

Lemma 2.4. Let V2™ be a real vectorial space endowed with a complex struc-
ture J and let Ty and Ty be two (0,5)-tensors on V satisfying the following
properties:

(a) Ti(z1, w2, 73,74, T5)

= —Ti(xe, 21,23, 24,05) = —T;(x1, 22,24, 23, T5)
= Ti(x3, 24,21, 22,25),
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(b) Ti(w1,22, 73,24, 75) + T3 (w1, 03, T4, 02, 75) + Ti(21, 74, T2, 3, 75) = 0,
and
(C) E(x1,x2,$3,$4,x5) = E(J$1,Jx2,$3,x47$5) = Ti(x171'2, J:,C3, J"E4,x5),

for every x1,xa, x3, 14,25 € V. If for every u,v € V it holds
T (u, Ju, Ju,u,v) = To(u, Ju, Ju, u,v), (2.7)

then Tl = TQ.

3. The Complex Tachibana Tensor and Constant Holomorphic
Sectional Curvature Kaehler Manifolds

In analogy to the classical Tachibana tensor, on any Kaehler manifold we
define the complex Tachibana tensor as follows.

Definition 3.1. Given (M?", g, J) a Kaehler manifold, the complex Tachibana
tensor is defined as the (0, 6)-tensor on M given by

Q°(g, R)(X1, X5, X3, X4 X,Y) = — (X AL Y) - R) (X1, Xo, X3, Xy)
=R((XASY) X1, X5, X3, Xy)
+ R (X1, (X AJY) Xy, X5, Xy)
+ R (X1, X0, (X AJY) X3,Xy)
+ R (X1, X5, X3, (X ASY) Xy), (3.1)

for every X1, X, X3, X4, X, Y € X(M).

Remark 3.2. The choice of the notation Q¢(g, R) for the complex Tachibana
tensor is due to its analogy with the classical Tachibana tensor for a Rie-
mannian manifold. However, variations of such tensor have been previously
considered in the study of the symmetries of a Kaehler manifold. Specifically,
Olszak considered in [10] the (0, 6)-tensor Ry - R given by Ry -R = —Q°(g, R)
and Jelonek defined in [6] the tensor I1- R = —1Q¢(g, R). Here II stands for
the tensor on a Kaehler manifold given by II(X,Y) = (X Ny Y) for any
X,Y € X(M). Sometimes, it will be convenient to consider II instead of the
complex metric endomorphism.

Since the complex metric endomorphism is, up to a constant, the cur-
vature tensor of a complex space form, the complex Tachibana tensor may
well be the simplest non-trivial (0, 6)-tensor with the same algebraic symme-
tries and the same properties with respect to J as R - R. In fact, one could
think that the simplest tensor with the same properties as R - R would be
IT - II. However, with a tedious but straightforward computation, it is pos-
sible to check that IT - II = 0. Furthermore, taking into account (2.1), for
every p € M and every v,w,z,y € T, M, it is immediate to get the following
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relation between the complex and the classical Tachibana tensor,

Q(g, R) (v, w,w,v;z,y) = Qg, R) (v, w,w,v;z,y)
+Q(g, R)(v,w,w,v; Jz, Jy)
—4g(Jz,y)R(Jv, w,w,v)
—4g(Jz,y)R(v, Jw,w, v)
= Q(g, B)(v, w, w,v; 2, y)
+Q(g, R) (v, w,w,v; Jz, Jy). (3.2)

Given p € U and two planes in T,M, m = v Aw and T = x Ay, it
is easy to check that Q(g, R)(v,w,w,v;z,y) and Q°(g, R) (v, w,w,v;z,y) do
not depend on the choice of bases for m and 7. And so, we can simply write
Q(g,R)(m;7) and Q°(g, R)(m; 7). Taking into account this notation, (3.2)
reads

Q%(g, R)(m;7) = Qg, R)(m; 7) + Q(g, R)(7; JT), (3.3)

where J7 = Jx A Jy. It is also worth pointing out that whenever any of the
two planes is a complex holomorphic plane, i.e. invariant under the action of
J, the Tachibana tensor and the complex Tachibana tensor are proportional.
Indeed, it is easy to check that

Q°(g, R)(n";7) = 2Q(g, R)(x"; ), (3.4)
Q°(g, R)(m:7") = 2Q(g, R)(m; "), 3
where we use the superindex " for holomorphic planes.

As a first result in this section, we get the following characterization for
Kaehler manifolds with constant holomorphic sectional curvature.

Theorem 3.3. Let (M, g,J) be a Kaehler manifold, then the following condi-
tions are equivalent:

(a) M has constant holomorphic sectional curvature.

(b) The complex Tachibana tensor Q°(g, R) vanishes identically.

(c) Q°(g,R)(u, Ju, Ju,u;z, Jxr) =0 for everyp € M and x,u € T, M.
(d) Q(g, )(uJuJuuxJx)—OforeverypeMandxueTM

Proof. Tmplications (b) = (¢) = (d) are immediate. For the proof of the im-
plication (a) = (b), just observe that if M has constant holomorphic sectional
curvature, its Riemann curvature tensor takes the form R = c¢II, where II is
defined as in Remark 3.2. Then Q¢(g,R) = —4I1- R = —4¢II- 11 = 0.

It remains to show (d) = (a), which is a consequence of Lemma 2.1.
Given p € M and z,u € T, M,

0= Q(ng)(u7 Ju, JU,U;Z‘,JZE)
= 4g(u, ) R(u, z, Ju,u) — 4g9(Ju, z)R(u, Jz, Ju, u).

And so,
g(u, z)R(u, z, Ju,u) = g(Ju, ) R(u, Jx, Ju,u).
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We decompose x in its projection onto the plane generated by « and Ju
and its orthogonal projection, r = au + fJu + w, and we get

ag(u, u){BR(u, Ju, Ju,u) + R(u,w, Ju,u)}
= Bg(Ju, Ju){aR(u, Ju, Ju,u) + R(u, Jw, Ju,u)}.
And so,
aR(u, w, Ju,u) = BR(u, Jw, Ju,u).
In particular, if § vanishes and « # 0,
R(u,w, Ju,u) = 0.

We choose now an orthogonal set in T, M, {u, Ju,w}, and we construct
r = u + w. Applying the reasoning above, we finish the proof taking into
account Lemma 2.1. O

Our next aim is to give a geometrical interpretation of the tensor Q¢(g, R).
As a previous step, we recall the geometrical interpretation of the metric en-
domorphism applied to a vector. Even if the interpretation is valid for any
Riemannian manifold, we focus on Kaehler manifolds.

Let (M,g,J) be a Kaehler manifold. Take p € U, a plane T = = A
y in T,M and z € T,M. Assume that z,y are orthonormal and choose
{e3, -+ ,ean}, so that {x,y,es, -+ ,es,} is an orthonormal basis of T, M.
Then z can be decomposed as the sum of its projection onto 7 and its pro-
jection onto the (2n — 2)-linear subspace of T,M expanded by es, -+ , eay,.
By rotating the projection of z onto 7 an angle €, while keeping the other
part of the sum fixed, a new vector, z, is obtained. If € is small enough, that
vector can be approximated by

Z=z+e(xAgy)z+ O(?). (3.6)

And so, the vector (xA4y)z measures the first order change of the vector
z after such an infinitesimal rotation of z in the plane x A y at the point p.

Take now p € U and two planes in T,M, m = v Aw and T = x Ay,
where {v,w} as well as {z,y} are orthonormal. We rotate infinitesimally the
projection of v and w onto 7. Proceeding as in (3.6), we get

v =v +e(x Ny y)v+ O(e),
W =w + e(x Ay y)w + O(e?).

After that, we rotate infinitesimally the projection of those new vectors
onto J7T = Jx A Jy to obtain

¥ =v+e(z Ay y)v +e(Jx Ay Jy)v + O(e?),
W =w + e(x Ay y)w +e(Jz Ay Jy)w + O(e2).
Comparing the sectional curvatures of the planes 7 = v Aw and 7@ =
v AW, we get
K(p, ') = K(p,m) +2Q(g, R)(m,7) + £Q(g. R)(w, J7) + O(<?)
= K(p,m) +Q°(g, R)(m; ) + O(e?). (3.7)
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In conclusion, the complex Tachibana tensor Q¢(g, R)(m;7) measures the
change of the sectional curvature of w under the previous operation involving
infinitesimal rotations in 7 and J7.

4. Locally Symmetric and Semisymmetric Kaehler Manifolds

As we recalled in the introduction, locally symmetric spaces, i.e. those for
which VR = 0, are a natural generalization of spaces of constant curvature.
It is well known that those spaces are characterized by the fact that the
sectional curvature is conserved under parallel transport along any curve. Our
next result for Kaehler manifolds shows that in the previous characterization
we can only consider holomorphic planes.

Theorem 4.1. Let (M, g,J) be a Kaehler manifold. Then, the following con-
ditions are equivalent:

(a) M is locally symmetric.

(b) (VxR)(U,JU,JU,U) =0 for any vector fields X,U on M.

(¢) Sectional curvature of holomorphic planes is invariant under parallel
transport along any curve.

Proof. The proof of (a) = (b) is trivial and (a) = (c) is known. To finish the
proof we will prove (b) = (a) and (¢) = (a).

The implication (b) = (a) is obtained by applying Lemma 2.4 to the
(0, 5)—tensor given by T(Xl, XQ, X3, X47 X5) = (VX%R) (Xl, X27 X3, X4)

In [13, Prop. 10, Ch. 8], it is proven that being locally symmetric is
equivalent to the following property: if XY, Z are parallel vector fields along
a curve o on M, so it is R(X,Y, Z). We use this characterization to prove
(¢) = (a). Let a: I — M be a curve starting at p € M. By orthonormal ex-
pansion it suffices to prove that R(X,Y, Z, W) is constant along «, whenever
XY, Z, W are parallel vector fields along «. Fix t € I and define a function
A (T,M)* = R by

Az, y, 2, w) = R(X,Y, Z, W)(t)v
where XY, Z W are parallel vector fields along « extending x,y, z, w, re-

spectively. Given any u € T),M, if U denotes its extension along v, then JU
is the extension of Ju. Since g((X Ay Y)Y, X) is constant along «, it holds

A, Ju, Ju, w)

(g Ju) T, ) = K(U,JU,JU,U)(t) = K(u, Ju, Ju,u).

It is easy to show that A is curvature-like (i.e., it is a function with the same
properties as R(z,y, z,w)). Therefore, applying [7, Prop. 7.1,Ch. IX], we get
A = R. Thus, R(X,Y, Z, W)(t) is independent of ¢. O

The integrability condition of VR = 0 is R- R = 0. In the same manner
as for locally symmetric Kaehler spaces, Kaehler semi-symmetric spaces can
be characterized in terms of holomorphic planes, as it is shown in the next
characterization result.
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Theorem 4.2. Let (M, g,J) be a Kaehler manifold. Then, the following con-
ditions are equivalent:

(a) M is semisymmetric.

() R- R(u,v,v,u;z,Jx) =0 for every p € M and x,u,v € T,M.

(¢) R-R(u,Ju, Ju,u;z,y) =0 for every p € M and x,y,u € T, M.

(d) R-R(u, Ju, Ju,u;x,Jx) =0 for every p € M and x,u € T,M.

Proof. Implications (a) = (b) = (d) and (a) = (¢) = (d) are direct. It only
remains to proof (d) = (a), but it follows immediately from Lemma 2.3. O

5. Holomorphically Pseudosymmetric Kaehler Manifolds

It is known that every Kaehler manifold (M?", g, .J) of real dimension 2n > 4
which is pseudosymmetric in the sense of Deszcz is also semisymmetric, see
[2] and [11]. However, there exists an example in dimension 2n = 4 of a
Kaehler manifold (M*, g, .J) which is pseudosymmetric in the sense of Deszcz
but not semisymmetric, [11]. On the other hand, as it has been remarked in
the introduction, the tensors R- R and Q(g, R) do not present the same sym-
metries and properties involving the complex structure J. For these reasons,
for Kaehler manifolds it seems reasonable to consider the alternative version
of pseudosymmetry based on the complex Tachibana tensor. This definition
was proposed by Olszak in 1989 [10].

Definition 5.1. A Kaehler manifold (M?", g, J), n > 2, is said to be holomor-
phically pseudosymmetric when the tensor R - R satisfies

where f € C®(M).

It is obvious that any semisymmetric Kaehler manifold is always holo-
morphically pseudosymmetric. However, the reverse is not true, since exam-
ples of both compact and non-compact holomorphically pseudosymmetric
Kaehler manifolds which are not semisymmetric are known, see [6] and [12],
respectively.

Although the tensors involved in both definitions of pseudosymmetry
are different, it is possible to characterize the holomorphic pseudosymmetry
in terms of the double sectional curvatures as defined in (1.6), getting results
similar to those known for Riemannian manifolds, [5, Theorems 3 and 5].
Using Lemma 2.3, we are now able to present our first result in this section.

Theorem 5.2. A Kaehler manifold (M*",g,J), n > 2, is holomorphically
pseudosymmetric if and only if for every p € U and every holomorphic planes
in T,M, 7 and 7, such that 7" is curvature-dependent with respect to T,

the double sectional curvature L(p, ", 7") is independent of both planes, i.e.
L(p, 7", 7") = L(p) € C>=(U).

Proof. Let us assume first that M is holomorphically pseudosymmetric, so
in particular

R R(X,JX,JX,X;U,JU) = f Q°(g, R)(X,JX,JX, X;U,JU) (5.2)
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for every X, U € X(M), f € C>°(M) being a smooth function.

Therefore, taking into account (3.4) and the definition of the double
sectional curvature, given p € ¢ and any pair of holomorphic planes in T, M,
7" =z A Jzr and @ = u A Ju, such that 7" is curvature-dependent with
respect to 7", it holds L(p, 7", #") = 2 f(p), so the double sectional curvature
is independent of the planes.

Conversely, let us suppose now that for any p € U and any pair of
holomorphic planes in T}, M, 7t =2 A Jx and 7" = u A Ju, such that 7" is
curvature-dependent with respect to 7", its double sectional curvature does
not depend of such planes, i.e.

R-R(z,Jz,Jz,x;u, Ju) = L(p) Q(g, R)(z, Jz, Jz, z;u, Ju), (5.3)
which taking into account (3.4) implies
R- R(.T, va JZ', T;u, JU’) = f(p) Qc(g7 R)R(xv JJ:, JJ?, LU, JU), (54)

where f =1 L € C>(U).

We claim that the same equality holds for any pair of, non necessarily
curvature-dependent, holomorphic planes in T,M, for all p € M, for any
smooth extension of f in M. Therefore, since both R- R and Q°(g, R) satisfy
the symmetries (a), (b), (¢) and (d) of Lemma 2.3, it follows that R - R =
f Q°(g, R), so M is holomorphically pseudosymmetric.

It remains to prove the claim. On the one hand, in the case p € U, let
us consider the smooth function ¢ € C*°(T, M x T,,M), defined by ¢(v, w) =
Q(g, R)(v, Ju, Ju,v;w, Jw). It is easy to prove that the zero set of g(v,w)
does not contain any open subset. Fix a basis {e;, Je; : 1 < i < m} and
realize that ¢(v,w) is a non null polynomial on the components of v and w. If
ah=axNJx € T, M is not curvature-dependent with respect to ah=unJu e
T, M, we have that g(z,u) = 0. It is possible to choose sequences of tangent
vectors in T, M, {x,}, and {u,},,, convergent to  and u respectively, such
that ¢(x,,u,) # 0, Vn € N. Equivalently, x,, A Jx,, is a curvature-dependent
plane with respect to u, A Ju,, for every n € N. Consequently, it holds

R- R(xnv ana an; L3 Un, JUn)
1

= §L(p) Qc(g?R)('/Enaan7an7mn;un7Jun)? (55)
for all n € N so (5.4) follows at p € U by a continuity argument.

On the other hand, the Tachibana tensor vanishes identically on int (M \
U), so this open subset has constant sectional curvature and consequently (5.4)
is trivially satisfied for any f. Finally, the equality also holds on (M \ i) by
continuity, and the claim is proved. O

As an immediate consequence of Theorem 5.2 we get the following result.

Corollary 5.3. Any Kaehler manifold (M?",g,J) which is pseudosymmetric
in the sense of Deszcz is also holomorphically pseudosymmetric.

The already mentioned examples in [6,12] show that the converse is not
true in general.
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Finally, we can prove that it is possible to weaken the condition on the
double sectional curvatures in the characterization of the holomorphic pseu-
dosymmetry given in Theorem 5.2. Specifically, to guarantee the holomorphic
pseudosymmetry, it is only necessary to ask the double sectional curvatures
to be independent of the first holomorphic plane.

Theorem 5.4. A Kacehler manifold (M*",g,J), n > 2, is holomorphically
pseudosymmetric if and only if for every p € U and every holomorphic
planes in T,M, 7 and 7", such that ©" is curvature-dependent with re-
spect to 7", the double sectional curvature L(p, ", 7") is independent of 7",
i.e. L(p, 7", 7") = L(p, 7").

Proof. According to Theorem 5.2 we only need to prove that if all the double
sectional curvatures at p, L(p, ah, ﬁh)7 are independent of 7", then they are
independent of both planes, i.e. L € C*®(U).

Following an analogous reasoning as the one in Theorem 5.2, given p € U
and any pair of holomorphic planes in T,M, 7" = xAJz and 7" = uAJu, such
that 7 is curvature-dependent with respect to 7", if L(p, 7", 7") = L(p, "),
then

1 ,
R- R(mlu XT2,T3,T4;U, JU’) = 5 L(p7 ﬁ—h) Qc(g7 R)(xh T2,X3,T4;U, J’LL)7
(5.6)

for every 1,2, 3,24 € T, M. In particular,
1
R- R(z, Jx, Jx,z;u, Ju) = B L(p,7") Q°(g, R)(x, Jx, Jx, x;u, Ju). (5.7)
Taking into account the algebraic symmetries of R - R, see [5, Lemma
1], we get
R R(z,Jx, Jx, z;u, Ju)
=—R-R(Jx,xz,u, Ju;x,Jx) — R- R(u, Ju,x, Jx; Jx, )
=2R- R(u, Ju,z, Jx;z, Jx).
(5.8)

Analogously, since Q¢(g, R) satisfies the same algebraic properties as R- R it
also yields

Q°(9. R)(x, Ja, J, w30, Ju) = 2Q%(g, R)(u, Ju, @, Ja; 2, Jz) £ 0. (5.9)
Thus, from (5.8) and (5.9), expression (5.7) becomes

1
R R(u, Ju,z, Jx;z, Jx) = 3 L(p, ") Q%(g, R)(u, Ju,z, J; x, Jx).
(5.10)
We may observe at this point that the fact that the plane 7 = z A Jx is
curvature-dependent with respect to 7" = uAJu implies that there exists nec-

essarily an holomorphic plane, 7", which is curvature-dependent with respect
to 7. Otherwise, Lemma 2.4 would yield that Q°(g, R)(-,-,-,;z,Jx) = 0,
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getting a contradiction of (5.9). Therefore, we can reproduce the reasoning
above applied to 7" and 7", obtaining

1
R R(u, Ju,z, Jx;z, Jx) = 3 L(p, ") Q°(g, R)(u, Ju,z, Ja; x, Jx).
(5.11)

From (3.4), neither Q°(g, R)(7"; #") nor Q¢(g, R)(7"; ") vanishes. Con-
sequently, we conclude that L(p,7") = L(p,7").

It remains to show that such equality is also satisfied for any pair of
planes in T,M, p € U, even if neither of them is curvature-dependent with
respect to the other. To that end, let us assume now that 7 = & A Jz is not
a curvature-dependent plane with respect to 7" = w A Ju, nor vice versa. We
can assume that there exists at least two holomorphic planes, % = vy A Ju;
and 74 = vy A Jvy, which are curvature-dependent with respect to 7 and
7", respectively. Otherwise, there would be nothing to prove. Two options
are possible. On the one hand, if 7% is curvature-dependent with respect to

7T§L, or vice versa, then

L(p,7") = L(p,7) = L(p,74) = L(p,7"). (5.12)

On the other hand, if 7" and 7% are not curvature-dependent, it is al-
ways possible to construct another holomorphic plane 7% = v3AJvz curvature-
dependent with respect to both 7" and 7", so the conclusion holds with a
similar chain of equalities. In order to construct 7%, we just have to con-
sider v3 = ajv1 + asvs for certain real constants a; and as. Since it holds
Q(g, R)(v1, Juy, Jur,v1; 2, Jx) # 0 and Q(g, R)(ve, Jua, Jug, va;u, Ju) # 0,
both Q(g, R)(vs, Jus, Jus,vs;x, Jx) and Q(g, R)(vs, Jvs, Jus, vs;u, Ju) are
non zero polynomials on «; and as, so there should be at least a choice
for a1 and as for which both polynomials do not vanish simultaneously. [

Acknowledgements

The first and third authors heartily thank professors Stefan Haesen and
Leopold Verstraelen for introducing them into the topic of the study of nat-
ural symmetries in Kaehler manifolds and for several interesting discussions
during their stays at the Katholieke Universiteit Leuven in 2006, 2007 and
2008.

Author contributions All the authors have contributed equally to the results
presented in the manuscript.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement
with Springer Nature by Universidad de Cérdoba (CBUA). All the authors
are partially supported by Spanish MICINN project PID2021-126217NB-100.
Furthermore, the first and the third authors Andalusian FEDER1380930F.



197 Page 14 of 15 A.L. Albujer et al. MJOM

Data availability Data sharing not applicable to this article as no datasets
were generated or analysed during the current study.

Declarations

Conflict of interest The authors have no competing interests to declare that
are relevant to the content of this article.

Open Access This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to
the original author(s) and the source, provide a link to the Creative Commons
licence, and indicate if changes were made. The images or other third party ma-
terial in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in
the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Cartan, E.: Legons sur la géométrie des espaces de Riemann, Gauthier-Villars,
Paris viii + 378 pp (1946)

[2] Deprez, J., Deszcz, R., Verstraelen, L.: Pseudo-symmetry curvature conditions
on hypersurfaces of Euclidean spaces and on Kaehlerian manifolds. Ann. Fac.
Sci. Toulouse Math. 9, 183-192 (1988)

[3] Deszcz, R.: On pseudosymmetric spaces. Bull. Soc. Math. Belg. Sér. A 44, 1-34
(1992)

[4] Eisenhart, L.: Riemannian geometry, Princeton Landmarks in Mathematics,
Princeton University Press, Princeton. x 4+ 306 pp (1997)

[5] Haesen, S., Verstraelen, L.: Properties of a scalar curvature invariant depending
on two planes. Manuscripta Math. 122, 59-72 (2007)

[6] Jelonek, W.: Compact holomorphically pseudosymmetric Kéhler manifolds.
Colloq. Math. 117, 243-249 (2009)

[7] Kobayashi, S., Nomizu, K.: Foundations of differential geometry, Vol. I, Inter-
science Publishers. Wiley , New York-London-Sydney. xv + 470 pp (1969)

[8] Levy, H.: Tensors determined by a hypersurface in Riemann space. Trans. Am.
Math. Soc. 28, 671-694 (1926)

[9] Ogiue, K.: On invariant immersions. Ann. Mat. Pura Appl. 80, 387-397 (1968)

[10] Olszak, Z.: Bochner flat K&hlerian manifolds with a certain condition on the
Ricci tensor. Simon Stevin 63, 295-303 (1989)

[11] Olszak, Z.: On the existence of pseudosymmetric Kahler manifolds. Collog.
Math. 95, 185189 (2003)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

MJOM On the Symmetries of a Kaehler Manifold Page 15 of 15 197

[12] Olszak, Z.: On compact holomorphically pseudosymmetric Kéhlerian mani-
folds. Centr. Eur. J. Math. 7, 442-451 (2009)

[13] O’Neill, B.: Semi-Riemannian Geometry with applications to Relativity. Aca-
demic Press Inc, New-York (1983)

[14] Szabd, Z.: Structure theorems on Riemannian spaces satisfying R(X,Y)-R = 0.
I. The local version,. J. Differ. Geom 17, 531-582 (1982)

[15] Szabd, Z.: Structure theorems on Riemannian spaces satisfying R(X,Y’)-R = 0.
I1. Global versions, Geom. Dedicata 19, 65-108 (1985)

Alma L. Albujer, Jorge Alcdzar and Magdalena Caballero
Departamento de Matematicas

Campus de Rabanales

Universidad de Cérdoba

14071 Cérdoba

Spain

e-mail: alma.albujer@uco.es

Jorge Alcézar
e-mail: £82algoj@uco.es

Magdalena Caballero
e-mail: magdalena.caballero@uco.es

Received: July 23, 2022.
Revised: July 25, 2022.
Accepted: March 20, 2023.



	On the Symmetries of a Kaehler Manifold
	Abstract
	1. Introduction
	2. Set Up
	3. The Complex Tachibana Tensor and Constant Holomorphic Sectional Curvature Kaehler Manifolds
	4. Locally Symmetric and Semisymmetric Kaehler Manifolds
	5. Holomorphically Pseudosymmetric Kaehler Manifolds
	Acknowledgements
	References




