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Abstract— Wind turbines systems considered multivariable
processes can work in several operational modes. Each mode can
be represented with a dynamic model. This fact supposes a
difficulty in controlling these types of systems. In addition, the
models are subjected undesired interactions between variables.
In this paper, different multivariable methodologies are proposed
to deal with the previous problems when they are applied to a
variable-speed variable-pitch wind turbine. Specifically, the
proposed methods to be performed and compared are a
multivariable robust control based on the H,, mixed sensitivity
problem and multivariable control strategies with different
decoupling networks.

Keywords—Wind energy; multivariable control; decoupling
networks; robust control.

I. INTRODUCTION

Similar to most industrial processes, the wind turbines are
complex and multivariable [1]. These systems involve many
variables and most of them have strong interactions. This fact
can cause difficulties in feedback controller design. Usually,
the generated electric power and the rotor speed are the output
variables whereas, the generator torque and blade pitch angle
are the manipulated variables.

Wind turbines work in several operational modes. These
modes depend on the wind speed as illustrated in Fig. 1.
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Fig.1. Wind turbine operation modes

In each operational mode, the wind turbine has a dynamic
response. This variability in the response means that the system
attends to a multi-model process. Being aware of the
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complexity of this multi-model process, from the control point
of view, it could be appropriated to implement a controller
which can withstand the coupling and strong uncertainties.
According to this, the development of a multivariable robust
controller could be adequate. In this paper one in particular is
described following the design systematic methodology
proposed in [2]: a multivariable H,, controller based on the
mixed sensitivity problem.

When the wind turbines are addressed as multivariable
systems, the problem of coupling or interaction between the
control variables is rarely addressed. Traditionally, these kinds
of problems have been solved using single-loop PID controllers
[3]. This approach is proper when the interaction is moderate
[4]. Nevertheless, when the interaction level is more
significant, the system performance can be deteriorated. In
addition, these interactions particularly occur in the transition
zone (Reg. III) between partial load region and full load region.
Therefore, in these cases, more complex multivariable control
strategies such as decoupling networks can be advisable to
reduce the undesired side effects of the single-loop strategies
[5]. In this study, also a single decoupling controller is
proposed through several decoupling methodologies. The
designed decoupling controller pretends to achieve a good
performance in all operational modes.

This paper shows a comparative study between two
multivariable control methodologies described above: robust
control and decoupling networks that address the problem from
two different points of view. These methodologies have been
compared using as basis the linear model of a lab-scale wind
turbine (Fig. 2).

The paper is structured as follows: Section II presents a
general description of the lab-scale wind turbine and
approximated linear models that are obtained from the
identification process. Section III explains the robust control
and decoupling networks techniques for multivariable
processes, especially for the wind turbine process. In Section
IV, simulation results are presented. Finally, the conclusions
are summarised in Section V.
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II. PROPOSED SYSTEM

This study uses a lab-scale experimental variable-speed
variable-pitch (VS-VP) wind turbine for the comparative
analysis of the proposed methodologies. This small wind
turbine includes a rotor with two blades and direct coupling
without a gearbox to a permanent magnet DC electric generator

(Fig. 2).

Fig.2. Lab-scale small wind turbine

The general structure of a wind turbine is composed of a
mechanical subsystem and an electrical subsystem. The
mechanical subsystem consists of the turbine rotor, which
includes the aerodynamic components, the gearbox (if any) and
the low-speed and high-speed axes. The electrical subsystem is
composed of the generator unit, which consists of the electric
generator and the static converter that is connected to a load or
grid. Shown below summarizes the physical description of
these two subsystems in the case of experimental wind turbine.

A. Mechanical subsystem description

Assuming a rigid speed shaft and direct coupling between
the rotor and the electric generator, one-mass model can be
used to describe the dynamics of this subsystem.

dw,
Cdt
where w, is the rotor speed, 7., is the electromagnetic
torque of the generator and 7, is the aerodynamic torque. J; is
the total inertia moment.

=T, — Tom (1)

The aerodynamic torque is generated by the wind forces
and depends on the aerodynamic properties of the turbine [6].
The torque 7, is given by the nonlinear expression (2).

RGO

Ty = Ean P 2

where R is the radius of the rotor, v is the wind speed, A is
the tip-speed ratio (TIP), which is defined as the ratio between
the linear blade tip speed and the wind speed.
1= a);R 3)

The power coefficient C,, (4, 8), which depends on the tip-
speed ratio and the blade pitch angle 3, is the most important
parameter for the design of the control system for the wind
turbines, especially in the power regulation case. This
coefficient considerably contributes to the non-linear character
of the system. In practice, it is difficult to obtain and is
different for every wind turbine. However, in this study a
polynomial fitting is proposed from the experimental data. By
extrapolation techniques, it has been possible to obtain a three-
dimensional representation of this power coefficient as a

function of the tip-speed ratio and pitch angle. Fig. 3 shows the
corresponding surface for the experimental power coefficient
of the lab-scale wind turbine.
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Fig.3. Experimental power coefficient C,, (4, 8) surface

In the surface shown in Fig. 3, the optimum point is
achieved at tip-speed ratio of 6.8 and a pitch angle of 1°.

B. Electrical subsytem description

The lab-scale experimental wind turbine used in this study
uses a permanent-magnet DC electric generator. Its field flux is
constant, and thus the electromagnetic torque T., can be
modified by controlling the armature current i, according to
(4). Therefore, a change in the generated torque conditions
causes a change in the electric power conditions as indicated by
equation (5). The parameters 1 and k; represent the efficiency
and the torque constant of the electric generator, respectively.

Tem = k¢ ig 4

Pg = NTemWr ()

The armature current flows across the load. Modifying this
current causes changes in the generated torque and the electric
power. This requires having a variable load [7]. The load
resistance is modified by activating or deactivating one resistor
by pulse-width-modulation (PWM). Using the 2 KHz PWM
signal of a generic microcontroller, the apparent resistance can
be modified as a function of the duty cycle a between the
nominal resistance (100% duty cycle) and free charging circuit
(at 0% duty cycle). Hence, increasing the duty cycle decrease
the resistance, which produces a larger current iz to flow
through the generator, which increases the generator torque.

C. Linear models

The control techniques proposed in this study are based on
linear systems. Therefore, approximate linear models of the
real system are necessary to perform the designs. Fig. 4 depicts
the proposed general multivariable control scheme.
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Fig. 4. Multivariable control scheme.

The linear models are obtained by identification and are
defined (6), where G(s) is the process transfer matrix, and



Gp(s) is the disturbance matrix associated with the wind speed
input.

(?g) = 6 (8)+ 605w ©)

As previously mentioned, the plant has been modelled as
multivariable system. The input control vector u is composed
of the blade pitch angle B, which ranges from 0° to 25° and the
duty cycle a, which ranges from 0% to 100%. The output
vector y is composed of the rotational speed w, and the
generated electric power F;. From a control point of view, the
wind speed v represents a disturbance input for the process.

Several models were obtained at different operational
points, which were related with the operational modes of wind
turbine: partial load mode, transition mode and full load mode.
The identification data were obtained through open loop step
tests. For both robust control methodology as decoupling
networks methodology, the modelled dynamic in the transition
zone with wind speed at 8 m/s was considered as the nominal
model for the design process. In this zone, the wind turbine
experiences more interaction between variables. This fact is
shown in the next epigraph.

The resulting models for each wind speed are shown in
Table I.

TABLE 1. RESULTING LINEAR MODELS

Wind
speed G(S) GD (S)
—8.059 —405.4 364.9
6 mls 75.27s% +17.355 + 1 282552+1647s+1 1183sz+21 76s +1
—0.0081479
168735 + 1 17589s+1 652857 + 17.09s + 1 2852+17 09s+1
—10.534 —520.3
7 mls 97.41s* + 20.63s + 1 166ls‘+1581s+1 1103sz+21 01s+1
—0.039756
14.653s + 1 653s+1 122955+1 52. 7252+1497s+1
8 mls 118452+21 77s+1 35365‘+11 89s+1 104652+20455+1
—0.06102 6.7614
1693s +1 0935265 + 1 41 5352+14855+1
—45.251 —366.8
9mls 113.45% 4+ 21.37s + 1 5086sz+1436s+1 85157 + 18455 + 1 lsz+18455+1
—0.3132 2.0273
168035 + 1 110434s+1 40. 73sz+12 76s +1
—59.06 —300.6
10 m/s 116.8s? +21.62s +1 0.01389s2 + 1395+ 1 74. 04-sz+17 21s+1
—0.3932 8.6291
16.395s +1 14465 + 1 21. 9lsz+11 9ls+1

D. Interaction analysis

The interaction between variables increases the difficulty of
controlling a multivariable process. It is important to know the
level of interaction to select the suitable control strategy.
Table II shows the element A;;, of the relative gain array
(RGA) for the models shown in Table I. The RGA analysis
shows that the experimental wind turbine has a higher level of
interaction in the transition operating mode at 8 m/s.

TABLE II. RGA OF THE MODELS

Wind speed 141 RGA
6 m/s 0.9151
7 m/s 0.7471
8 m/s 0.6543
9 m/s 0.7606
10 m/s 0.8118

III. CONTROLLERS DESIGN

A. The H,, mixed sensitivy problem

The multivariable robust controller design problem can be
formulated as an H, optimization problem, which responds
under the scheme shown in Fig. 5 [2]. In this figure, P(s) is the
generalised plant, K(s) is the controller, u are the control
signals, w are the exogenous signals, v the measured variables
and z are the error variables.

w —> —> z

P(s)

u j v
K(s)

Fig. 5. General formulation of the control problem

B. Robust controller synthesis

The controller synthesis follows the systematic design
procedure proposed in [2]. The optimal H,, control problem is
still no solved, however solutions exists for the suboptimal
problem [8]. The control problem with the configuration of
Fig. 5 consists of computing a controller such that the ratio y
between the energy of z and the energy of the exogenous signal
vector w is minimised.

A configuration for building up the generalized plant is the
S/KS/T mixed sensitivity problem [9]. This configuration is
shown in Fig. 6 [2]. In this case, the resulting closed loop
transfer function T, (s) is expressed as follows:

Ws(5)So(5)

T (s) = [Wks (S)K(S)So () @)
Wr(s)T,(s)

where S,(s) is the output sensitivity transfer matrix, T, (s) is
the output complementary sensitivity transfer matrix, and
K (s)S,(s) is the control sensitivity transfer matrix.

The matrices Wg(s), Wr(s) and Ws(s) are the weighting
matrices of the configuration, which allow to specify the range
of relevant frequencies for T,,(s). The selection of these
matrices has been accomplished following design rules.

First step is to obtain the scaled nominal model. This
previous process is necessary to estimate the multiplicative
output uncertainty for the non-nominal models. The
multiplicative output uncertainty affects to the robust stability
of the system modifying the shape of T, (s). A proper shape of
output complementary sensitivity transfer matrix is desirable
for tracking problems and noise attenuation.

The nominal model can be scaled by means of the
following expression:
G(s) = DG (s)Dy, (®)

where G(s) is the original nominal linear model, D, and D,
are scaling matrices.
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Fig. 6. S/KS/T mixed sensitivity configuration

D = [A(‘)rmax 0 ] — [4—36 0 ]
¢ 0 APy max 0 586 ©)
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u 0 A ax 0.55

Once the nominal scaled model is calculated, the
multiplicative output uncertainty can be estimated as follows:

Eoi(s) = (éi*(s) - é(s)) G™, i=12,.. (10)

where G} (s) represents the different scaled non-nominal
systems at each operational points.

Next step it is to design the matrix Wr(s) as a square
diagonal matrix with all its diagonal elements with the same
transfer function.

Wr(s) = Wraiag(s) - 1 11

Wraiag(s) is a transfer function which must be stable,
minimum phase, with high gain at high frequencies, and with
magnitude greater than the maximum singular value of the
uncertainty computed by the expression (10) for each non-
nominal model.

For this study, Wrqiqq () has been selected as follows:

(50s + 1)
(055 +1)

Matrix W;(s) is obtained as square diagonal matrix of
transfer functions:

Wraiag(s) = 0.5623 (12)

0
WSZ (S)

where each diagonal element W ;(s) is described with the
expression (14). wy is the crossover frequency of Wrgiq4(s)
and whose value is about 0.0294 rad/s. a; and f; are the
transfer function gains at high and low frequencies,
respectively. According to the design process cited in [2], the
following values have been selected: a; = a, = 0.5 and
B1 = B, = 10™*. The parameter k; adjusts the response speed
of the outputs. This parameter is chosen heuristically by trial
and error method. The following values have been selected:
k, =0.15and k, = 1.1.

a;s + 10k Vg,
s+ B;10ki—V,’

Wi = [V (13)

Wsi(s) = i=12 (14)

The matrix Wgg(s) is chosen as identity matrix to avoid
numerical problem in the synthesis algorithm.

Once the weighting matrices have been designed and using
computational software, the controller K (s) is synthesised. It is
important to remember that the controller calculated has been
obtained with the scaled plant, so it is necessary to rebuild this
controller by the expression (15).

K(s) = D K(s)D;* (15)

The H,, synthesis of the controller has a ratio y equal to
7.95. Considering this fact, and according to (16), this value
does not guarantee robust stability, so it is necessary to verify
that the sensitivity transfer function and complementary
sensitivity transfer functions do not exceed the upper bounded
values in the entire range of frequencies [10].

Ws(5)So(5)

Wis($)K(5)S, () <y (16)
Wr(s)To(s)

Fig. 7 shows the magnitude of maximum singular value of

the diagonal elements of S,(s) and T,(s), together with the
bounded values W,~1(s) and W7 1(s).
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Fig. 7. Diagonal elements of S, (s) and T, (s) and the upper bounded
values

Generally, the controller K(s) obtained for this procedure
is too high order to implement. Considering this fact, the
controller should be reduced (e.g., studying the Hankel singular
values).

C. Control by decoupling

There are two approaches for centralised control: a pure
centralised strategy [11] and a decoupling network that is
combined with a diagonal decentralised controller [12]. This
paper considers the latter approach.

A decentralised control system with a decoupling network
can be designed by combining a diagonal controller C(s) with
a block compensator D(s) such that the diagonal controller
sees the apparent process Q(s) = G(s)-D(s) as a set of n
completely independent processes. Some decoupling schemes
are static, and others are dynamic.



Most decoupling approaches use a conventional decoupling
scheme in which the process inputs are derived by a time-
weighted combination of feedback controller outputs (Fig. 8a).

Fig. 8. Decoupling control system of a 2x2 process: (a) conventional
decoupling; (b) inverted decoupling [13].

In this study the following three decoupling schemes are
used:
e Dynamic simplified decoupling
e  Static simplified decoupling
e Inverted decoupling

D. Dynamic simplified decoupling

In dynamic simplified decoupling, n elements of the
decoupler, generally the diagonal ones, are set to unity. The
general expressions of the decoupler D(s) and the diagonal
apparent process Q(s) are cited in [14]. For the nominal model
for 8 m/s, the following decoupler is obtained:

—196s2? — 36.04s — 1.655

1
_ sZ+ 0.34s + 0.028
DEs) =1 4.00049s + 0.00053 ) 7
s+ 0.059

E. Static simplified decoupling

Static simplified decoupling is a version of simplified
decoupling that only decouples the process at the stationary
state. The decoupler is only calculated with the information of
the stationary gain of the process. Expression (18) shows the
static simplified decoupler for the nominal model.

1 —58.5341)

Ds) = (0.00902 1

(18)

F. Inverted decoupling

Using the structure of inverted decoupling (Fig. 8b), it is
possible to obtain an apparent process in Q(s) that is as simple
as the diagonal elements of G(s) while the decoupler elements
are the same as those of the dynamic simplified decoupling
[13].

In inverted decoupling, the entire decoupler D (s) is divided
into two matrices: a diagonal matrix Dd(s) in the direct path
and an off-diagonal matrix Do(s) in a feedback path. The
expressions of the decoupler matrices and the corresponding
apparent process appear in [14]. In this case, the matrix Dd(s)
is equal to identity matrix, and Do(s) is given by (19).

—289.65% — 61.31s — 2.97
s2+ 0.9514s + 0.06017 > (19)

0

0
Do(s) = <0.0000575055 +0.000046776
s+ 0.06835

G. Decentralised controller for decoupling methodologies

The parameters of the diagonal controllers in C(s) can be
tuned independently for the corresponding apparent process
elements q;(s) in the methodologies that achieve perfect
decoupling, such as dynamic simplified decoupling and
inverted decoupling. For these control strategies, the existing
SISO PID tuning methods can be directly applied [15]. In the
case of non-perfect decoupling methodologies, such as static
simplified decoupling, the iterative procedure of [4] was used.

IV. SIMULATION RESULTS

Two simulations are performed using the models shown in
Table I and the proposed controllers described in Section III. In
particular, the nominal model at 8 m/s and the non-nominal
model at 10 m/s are simulated. Fig. 9 and Fig. 10 show the
results, respectively. At t=100 s, there is a step change in the
reference of F, and a step change occurs in the reference of w,.
at t=800 s. The reference step changes are approximately 15%
of the outputs at the corresponding operation point.

Numerically, the comparison has been establishes through
performance indices such as Integral Absolute Error (IAE) and
Standard Deviation (Std) for each control loop. Table III
summarizes these performance indices for the two simulations.
Above value and below value are the indices for the nominal
and non-nominal simulations, respectively.

Table III shows that the robust control generally improves
other methodologies in IAE indices whereas that, the
decoupling methodologies highlight in the standard deviation.

TABLE III. PERFORMANCE INDICES

IAE, IAE, Std, | Std,
H, 1.921-10° | 1.344:10" | 95.68 0.368
5.82610° | 5.795'10° | 47.80 | 0.202
Simp. | 3.164'10° | 5220107 | 87.91 0.319
3.595:10° | 1.103-10* | 45.08 | 0.118
Stat. | 3230'10° | 5.762:10° | 87.58 0.317
3.594:10° | 1.103-10* | 44.84 | 0.121
Inv. 4.691-10° | 7.977-10° | 79.82 0.323
5.459:10° | 1.680°10% | 42.11 0.126
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V. CONCLUSIONS

This study proposes wind turbines as an example of an
industrial multi-model process in which the several dynamics
and the interaction between variables can be an important issue
for control. These difficulties can be addressed through two
control methodologies: robust control, which address the multi-
model character, and the decoupling networks, which address
the interaction problem.

The simulation results show that both methodologies
achieve a good performance for the design nominal point and
non-nominal  point.  Quantitatively, the  decoupling
methodologies stand out the robust control in the nominal
point; however, the latter highlights in the IAE indices for the
nominal and non-nominal points. In return, the robust control
presents a higher order controller, which is difficult to
implement in practice, and it is necessary to reduce.
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