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Abstract

Some classification results for closed surfaces in Berger spheres are presented. On the one
hand, a Willmore functional for isometrically immersed surfaces into an homogeneous space
IE3(k, T) with isometry group of dimension 4 is defined and its first variational formula is
computed. Then, we characterize Clifford and Hopf tori as the only Willmore surfaces sat-
isfying a sharp Simons-type integral inequality. On the other hand, we also obtain some
integral inequalities for closed surfaces with constant extrinsic curvature in E3 (x, T), becom-
ing equalities if and only if the surface is a Hopf torus in a Berger sphere.
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1 Introduction

A classical problem in the theory of isometric immersions is to classify immersed surfaces
into a space form of constant sectional curvature having either constant mean curvature or
constant Gaussian curvature. In this direction, we can highlight the rigidity theorems due to
Alexandrov [3], Liebmann [18] and Hilbert [ 14] on surfaces of constant curvature as the most
celebrated results in the theory of surfaces in the Euclidean space R3. For generalizations
of these results, we quote [2, 21]. Besides that, we cannot fail to highlight the classical
Hopf’s theorem [15] which characterizes totally umbilical spheres as the unique topological
spheres of constant mean curvature immersed into a three-dimensional space form of constant
sectional curvature.
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A natural generalization of space forms is the so-called homogeneous spaces. A Rieman-
nian manifold is said to be homogeneous if for any two points p and g, there exists an isometry
that maps p into g. Geometrically, an homogeneous manifold seems the same everywhere.
As it is well known, simply connected three-dimensional Riemannian homogeneous spaces
are classified. Such manifolds have an isometry group of dimension 6, 4 or 3. When the
dimension is 6, they correspond to space forms. When the dimension is 3, the manifold has
the geometry of the Lie group Sols. In the case where the dimension of the isometry group
is 4, such manifold fibers over a two-dimensional space form of constant sectional curvature
«, M2 (x), and its fibers are the trajectories of a unit Killing vector field. These last manifolds
are usually denoted by E3 (k, T), where 7 is the constant bundle curvature of the natural
projection 7 : E3(x, ) — M2 (k) and x # 472. According to the constants x and 7, we can
classify such spaces. When t = 0, E3(k, 0) = M2 (k) x R where M2 (k) is the sphere S2 (k)
of curvature ¥ > 0 or the hyperbolic plane H? (k) of curvature k < 0. When t # 0, E3(k, 1)
is a Berger sphere Si (k, ) if € > 0, a Heisenberg group Nilz(7) if « = O or the universal
coverof PSL(2,R) if k < 0.

In the last years, the study of surfaces in homogeneous spaces with 4-dimensional isometry
group has attracted the attention of many geometers. We can say that this attention is due to the
studies of Abresch, Rosenberg and Meeks which made possible great advances in the research
in this area [1, 20, 25]. Indeed, Abresch and Rosenberg [1] discovered an holomorphic
quadratic differential for surfaces with constant mean curvature in these spaces and solved
the Hopf’s theorem for them. Moreover, these spaces are also related to the eight geometries
of Thurston [28]. Furthermore, in [12], Gilvez, Martinez and Mira considered the study of
the classical Bonnet problem for surfaces in the homogeneous 3-manifolds IE3(«, 7). Later
on, Rosenberg and Tribuzy showed in [26] a rigidity result for a family of complete surfaces
in an homogeneous space having the same positive extrinsic curvature and satisfying a certain
condition.

Some years ago, Hu, Lyu and Wang developed in [16] a Simons-type integral inequality
for immersed minimal closed surfaces into the homogeneous space E3(«, ), the equality
being satisfied if and only if the surface has parallel second fundamental form. When the
homogeneous space E3(k, ) is the Berger sphere Si (k, T) (k # 472), they showed that the
equality holds if and only if the surface is the Clifford torus. We recall that the Clifford torus is
the only minimal Hopf torus in the Berger sphere. Recently, PAmpano has considered in [24]
a more general setting, where the ambient space is the total space of a Killing submersion.
Specifically, he studies surface energies depending on the mean curvature, which extend the
classical notion of Willmore energy. Furthermore, the author constructs critical tori for these
energy functionals.

Concerning product spaces, even more recently the second author has studied in [11]
immersed complete surfaces into a product space M2 (k) x R with nonnegative constant
extrinsic curvature. In this setting, he has shown that these surfaces must be either cylinders
when k¥ = —1, or slices when k = 1. Our goal is, on the one hand, to present a Willmore
functional for immersed closed surfaces into E? (k, T), to obtain its Euler—Lagrange equation,
and as a consequence to present a characterization result for closed Willmore surfaces in
S?? (k, 7) in terms of an integral inequality. On the other hand, we extend the techniques
developed in [11] to the study of immersed closed surfaces with constant extrinsic curvature
into E3(k, 1) (t # 0).

The outline of the paper goes as follows. In Sect. 2 we describe some basic facts about
surfaces in the homogeneous space E3(x, 7) (tr # 0) with isometry group of dimension 4,
introducing some relevant families of surfaces in such homogeneous spaces. Later on, work-
ing with the Cheng—Yau’s operator, we develop in Sect. 3 a Simons-type formula for these
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surfaces (cf. Proposition 1), as well as a divergence type formula involving the Cheng—Yau’s
operator (cf. Lemma 2). In Sect. 4 we compute the Euler-Lagrange equation for the Will-
more functional of an immersed closed surface into an homogeneous space E3(x, T) (cf.
Proposition 2). As an application, we characterize Clifford and Hopf tori as the only Will-
more surfaces satisfying a sharp Simons-type integral inequality (cf. Theorem 1). In the last
section, we consider closed surfaces with constant extrinsic curvature and we also obtain
integral inequalities, becoming equalities if and only if the surface is a Hopf torus in a Berger
sphere Si(fc, 7) (cf. Theorems 2 and 3).

2 Preliminaries

In this section, we will introduce some basic facts and notations that will appear along the

paper.
Let « and 7 be real numbers. The region D of the Euclidean space R given by

Do R3, if k >0
T DQR/=K) xR, ifk <0
and endowed with the homogeneous Riemannian metric

1

Dr=22WAx2+dy) + Mydr —xdy)?, k= s
(,)r =22(dx” +dy?) + (dz + TA(ydx — xdy)) T+ 502 +39)

is the so-called Bianchi—Cartan—Vranceanu space (BCV -space) which is usually denoted
by E3(k. 7) == (D. (. )).

As itis well known, there exists a Riemannian submersion 7 : E3(x, ) — M2 (), where
M?2 (k) is the two-dimensional simply connected space form of constant curvature «, such
that 7 has constant bundle curvature t and totally geodesic fibers. Furthermore, £ = Ez isa
unit Killing field on X (E3(k, 7)) which is vertical with respect to 7.

The BCV -spaces E3 (x, T) are oriented, and then we can define a vectorial product A, such
that if {e1, e>} are linearly independent vectors at a point p, then {e1, e2, e1 A e3} determines
an orientation at p. Then the properties of £ imply (see [10]) that for any vector field X on
X(E3(x, 7)) the following relation holds

VxE=1(X AE), (1)
V being the Levi-Civita connection of E3(k, ). Moreover, let us recall that the curvature
tensor of E3 (K, r)l satisfies, (see [10]),
RX,VNZ =k —-3t)(X,2)Y — (Y, Z)X)
+ (k= 4TH(Z,E) (Y, )X — (X, §)Y) )
+ (e —4T) (Y, Z)(X, &) — (X, Z)(Y, E))E,
where X, Y, Z € %(IE3(/<, 7)).
In what follows, let 2 be an isometrically immersed connected surface which we assume
to be orientable and oriented by a globally defined unit normal vector field N. Let us denote by

A the second fundamental form of the immersion with respect to N and by V the Levi—Civita
connection of £2. Then, the Gauss and Weingarten formulae are given by

LWe adopt for the (1, 3)-curvature tensor of the spacetime the following definition ([23,Chapter 3]),
R(X,Y)Z=V|x y1Z~-[Vx,VylZ.
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VxY = VxY + (A(X),Y)N
and -
A(X) = —VxN,

for every tangent vector fields X, Y € X(X).

Furthermore, we can consider a particular function naturally attached to such a surface
»2, namely, C = (N, &). Let us observe that C measures the cosinus of the angle determined
by the vector fields N and &. A direct computation shows that the projection of the vector
field £ on X(X) is given by

T=§'=¢-CN, 3)

where ()T denotes the tangential component of a vector field in X(E3(k, 1)) along »2.
Thus, we get
IT|>=1-C> “)

Besides, from (1), (3) and the Gauss and Weingarten formulae we easily obtain the integra-
bility equations,
VxT =C(A—1J)(X) and VC =—(A+1J)(T), )

where J denotes the (oriented) rotation of angle 7/2 on T2 given by J(X) = N A X. In
particular,
(J(X),J(Y)) = (X.Y) and J*(X)=—X,

for every X, Y € X(X). Therefore, from the first equation in (5) it easily follows that
div(T) =2CH, (6)

where div denotes the divergence operator on ¥£? and H stands for the mean curvature of
2, defined by H = %tr(A). Furthermore, it is immediate to check that

4H? = |A)* 4+ 2K,, 7)

where |A|> = tr(A?) and K, = det(A) denotes the extrinsic curvature of 2.
As it is well known, the fundamental equations of 2 are the Gauss equation

R(X,Y)Z = (k — 3t2)(X, Z)Y — (Y, Z)X)
+ (k —4TNZ, T)({Y, T)X — (X, T)Y)
+ (k —4T(Y, Z) (X, T) — (X, Z){(Y, THT
+ (A(X), Z)AY) — (A(Y), Z)A(X),

®

where R denotes the curvature tensor of £2 and X, Y, Z € X(X), and the Codazzi equation
VAX,Y) - VAY,X) = (k — 47:2)C((X, T)Y — (Y, T)X), (©)
where VA : X(X) x X(X) —> X(X) denotes the covariant differential of A,
VAX,Y) = (VyA)(X) = VyA(X) — A(VyX), forall X,Y e X(%).
From the Gauss equation (8), jointly with (4) and (7), it holds
2K =272 4 2(k — 413 C? + 4H? — |A]* =207 + 2(k — 41H)C? +-2K,.  (10)
Let us recall now some classical surfaces in E3(k, ) which can be constructed in the

following way. Given any regular curve o in M2(x), 7 ~!(«) is an isometrically immersed
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surface into E3(k, T) which is usually known as a Hopf cylinder. Hopf cylinders are flat
surfaces, which have £ as a parallel tangent vector field and they are characterized by C = 0.
Furthermore, these cylinders satisfy

H=ky/2, K=0, K,=-7> and |®|> =2H”+27°,

where kg is the geodesic curvature of a.

Moreover, if « is a closed curve and the Riemannian submersion 7 has circular fibers,
which happens just in the case where E3(x, 1) isa Berger sphere Sg (k, ), thent (@) is a
flat torus which is also called a Hopf torus.

Let us remember at this point that the Berger sphere Si (k, T) is isometric to the usual
sphere S* = {(z, w) € C%; |z|? 4+ |w|?> = 1} endowed with the metric

4 1,
(X,Y) = - <<x, Vg + - (4% — k) (X, V) (Y, v>83> :

where (, )g3 stands for the usual metric on the sphere, V(; ) = J(z, w) = (iz, iw) for each
(z,w) € S3 and «, T are real numbers with ¥ > 0 and T # 0. We note that if « = 472 then
8137 (k, ) is, up to homotheties, the round sphere. The Hopf fibration 7 : Si (k, 1) = S*(k),

defined by
1 1
n(z,w) = NG (zw, 3 (21 - |w|2)> ,

is a Riemannian submersion whose fibers are geodesics. The vertical unit Killing vector field

is given by £ = 4£ V. A particular Hopf torus in S?, (k, 7) is the Clifford torus given by
T

{(z,w) € S}k, )5 Iz* = |w|* = 1/2).

It is well known that the Clifford torus is the only minimal Hopf torus in any Berger sphere
(see for instance [30]).

Let us finish this section by recalling a classification result for parallel surfaces in E3 (k, ),
proved by Belkhelfa, Dillen and Inoguchi in [6]. From now on, we will understand by a parallel
surface a surface with parallel second fundamental form.

Lemma 1 [6,Theorem 8.2] Let £2 be an isometrically immersed parallel surface into the
homogeneous space B (k, T), k — 412 # 0. Then,

1. if T # 0 %2 is a piece of a Hopf cylinder over a Riemannian circle in M?(x), that is,
over a closed curve in M (k) with constant geodesic curvature.

2. ift = 0 22 is either a piece of a slice in M2(x) x R or of a Hopf cylinder over a
Riemannian circle in M2 (k).

3 A Simons-type formula for the Cheng-Yau operator in E3(k, 7)

In consideration of the foregoing, we are going to compute the Laplacian of |A|2. First and
foremost, we recall the following Weitzenbock formula (see for instance [22])

1 1
EAIAI2 = ;A4 4) = VAP + (A 4, A), an
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where AA : X(X) — X(X) is the rough Laplacian of the second fundamental form, that
is,

2
AAX) = tr (VPA(X, -, ) = Y V2A(X. ¢ €i). (12)
i=1

{e1, e2} being an orthonormal frame on X(X) and VIAX,Y,Z) = (VzVA) (X, Y) for all
X,Y,Z € X(¥). In this setting, on the one hand we obtain from the Codazzi equation (9)
and the integrability equations (5) the following symmetry in the two firsts variables of V> A,

V2AX,Y,Z)=V?AY,X,Z) — (k — 4T (A + tI)(T), Z) (X, T)Y — (Y, T)X)
+(k —4t)C? (X, (A —TI)Z)Y — (Y, (A —TI)N2)X).

On the other hand, it is not difficult to see that -
VZAX,Y,Z)=V?AX,Z,Y)+ R(Y, Z)A(X) — A(R(Y, 2)X). (14)
Making Y = Z = ¢; in (13) and taking traces, we have
2 2 : 2 2y 2
l;v A(X, e, e) = ; V2A(ei, X, ei) — (k — 4t C* QHX — (A + tJ)(X)) s
— (kK —47%) (X, T)(A + TJ)(T) — (A(T), T)X) .
Furthermore, from (14) it yields
V2A(e;, X, e)) = V2 A(ej, e, X) + R(X, ) Ae;) — A(R(X, e;)e;). (16)

Observe now that, using the Gauss equation (8), we get

2
D R(X.en)Ale;) = (k — 3T (AX) — 2HX) — |APA(X) + A3(X)
i=1
+ (k — 412 ((A(T), T)X — (X, T)A(T))
+(k — 412 QH(X, T) — (A(T), X)) T
and
2
D ARX, e)er) = —(k — 3t AX) + A*(X) = 2HAX(X) + (k — 47T PA(X).
i=1
Thus, inserting these two last equalities in (16),
2 2
Z VZA(ei, X, ;) = Z VZA(e, ei, X) + 2 — 3t2)(AX) — HX) + 2HA*(X)

i=1 i=1 a7
+ (k — 475 ((A(T), T)X — (X, T)A(T) — [T *A(X))

+ (k —412) QH(X,T) — (A(T), X)) T — |A]*A(X).
Observe now that, since the trace commutes with the Levi—Civita connection,

2
> V2A(ei. €. X) = tr (VxVA) = Vx(tr(VA)).
i=1
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We claim that
tr(VA) = 2VH + C(k — 4tH)T. (18)

Indeed, using the Codazzi equation (9),

(VA(er, ei), X) = (Ve A)(ei), X) = (e, (Ve A)(X)) = (e1, VA(X, €))
= (e, VA(ej, X)) + (k — 4tHCUX, T) — (X, e ){T, &;)),

which implies that

8]

(tr(VA), X) Z [{ei, (VxA)(en) + Clc —47) (X, T) = (X, &;)(T, &;))]

2VH, X) + (x — 415 C(X, T),
for all X € X(X), so the claim is proved. Hence, from (18) and (5), it holds
Vx (tr(VA)) = 2VxVH — (k —4t2) ((A+1J)(T), X)T + (k — 472 C*(A— 7 J)(X). (19)
Therefore, putting (15), (17) and (19) in (12),

AA(X) =2VxVH +2(k —312)(AX) — HX) — |A|PA(X) + 2HA*(X)
+ (kK — 47%) (2(A(T), T)X — 2(X, T)A(T) — |T|*A(X))
+ (k —412) QH(X, T) — 2(A(T), X)) T + 2(k — 4t%)C* (A(X) — HX)
— Tk — 472 ((J(T), X)T + (X, T)J(T)).
Consequently,
(AA, A) = 2tr(A o Hess H) + 2(k — 3t2)(JA|> — 2H?) + 2(k — 4t2)C?*(JA)? — 2H?)
+2(k — 413 (B3H(A(T), T) — 2{AX(T), T) — T{A(T), J(T)))
— (k —4TH)|T2|AP> — |AI* + 2Htr(A3).
(20)
Now, taking into account the characteristic polynomial of A, we observe that
H(A(T), T) — 2(AX(T), T) = 2|T|*K.. 1)
Besides that, from (7) it holds

20 — 3t (AP = 2H?) + (k — 4t5)(1 — CH (2K, — |APP)
=2(k = 3t2)(|A]> = 2H?) — 2(k — 472)(1 = C*)(|A)? = 2H?)  (22)
=2(|AP = 2H?)(t? + (k — 45 C?).

Moreover, it is easy to check that tr(A%) = 3H |A|2 —4H3 50 again from (7) we deduce that
— |A* + 2Huw(A%) = —|A* + 6H?|A)? — 8H* = 2(]A)> — 2H)K,. (23)
Hence, taking into account (10), (21), (22) and (23), (20) reads
(AA, A) = 2tr(A o Hess H) + 2(|A|* — 2H?*)K + 2(k — 4t?)C?(|A|* — 2H?)

+2(k — 41%) (H(A(T), T) — (AX(T), T) — T{A(T), J(T))),
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so (11) yields

%A|A|2 = |VA|? 4 2tr(A o Hess H)
+2(A]> —2HY)K +2(c — 411 C*(|A]> — 2H?) (24)
+2(c — 4t%) (H(A(T), T) — (AX(T), T) — T (A(T), J(T))) .
Remark 1 Letus observe that formula (24) was already obtained in [ 16]. In fact, let us consider
a local orthonormal frame {eq, €3} such that A(e;) = Aje; and A(ez) = Azer. Moreover, by

the definition of J, we must have J(ej) = e and J(e2) = —ej. Taking into account these
two facts and writing T = (7, e1)e1 + (T, e2)en, we have

(A(T), J(T)) = (A2 — M T, er (T, e2),
so we recover [16,Lemma 3.1]. However, we have included the proof for the sake of com-

pleteness, and because it represents an alternative reasoning based on tensorial analysis.

Nevertheless, our aim in this section is to obtain a Simons-type formula for the Cheng—
Yau’s operator. To this respect, following [9] we introduce the Cheng—Yau’s operator [J acting
on any smooth function u : £? — R given by

u = tr(P o Hessu),

where P denotes the first Newton transformation of A, thatis, P : X(X) — X(X) is the

operator given by
P=2HI — A, (25)

which is also a self-adjoint linear operator which commutes with A and satisfies tr(P) = 2H.
Taking u = 2H, from equation (7) we obtain the following,

(2H) = tr(P o Hess (2H))
=2HAQRH) — 2tr(A o Hess H)

1

- EA(zH)2 _ 4|VH? — 2tr(A o Hess H) (26)
1

= EA|A|2 + AK, — 4|VH|> — 2tr(A o Hess H).

Inserting (24) in previous equality, we get
OQH) = AK, + VAP —4|VH* + 2(|A]* = 2HH)K +2(k — 415 C* (|A]* — 2H?)
+2(c — 41%) (H(A(T), T) — (AX(T), T) — T(A(T), J(T))).
27
For our purpose, it will be more appropriate to deal with the traceless part of A, which is
given by @ = A — H I, with I the identity operator on X(X). Then, tr(®) = 0 and

|®|> = |A]> —2H? > 0, (28)

with equality at p € %2 if and only if p is an umbilical point. In contrast to the case where the
ambient is a Riemannian product, it was proved in [27] that there does not exist any totally
umbilical surface in E3(k, 7) with # 0.
Now, from the characteristic polynomial of @ and identity (28), the following equalities
hold,
—2A%(T), T) +2H(A(T), T) = —|@*|T|> = 2H(®(T). T)
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and
2C%|APF — 4H?*C? =207 9%

Besides this, equations (4) and (10) give us
2K + (k —47%) (2C? — |T*) = 2K, + 5(k — 4t5)C? — k + 67°.

Therefore, inserting these three last equations in (27), we have finally shown the following
Simons-type formula for the Cheng—Yau’s operator.

Proposition 1 Let %2 be an isometrically immersed surface into an homogeneous space
E3(k, 7). Then,
OQH) = AK, + VAP —4|VH* + |®* (2K, + (k — 4T5)(5C? — 1) +277)
=20 —41%) (H(®(T), T) + T(&(T), J(T))) .
Remark2 When v = 0, as it was said in the Introduction, the homogeneous space E3(«, 7)

is exactly the product space M? (k) x R, where M (k) is a space form with constant sectional
curvature k. Thus, Proposition 1 extends [11,Proposition 1.2].

Let us finish this section by showing a nice divergence formula involving the Cheng—Yau’s
operator.

Lemma?2 Let X2 be an isometrically immersed surface into an homogeneous space B3 (i, 7).
Then,
div(P(2VH)) = OQH) — 2C(k — 4t>)T (H). 29)

Proof Observe that by a standard tensor computation

div(P(2VH)) =UOQRH) + 2(div P, VH), (30)
where
2
div(P) =) VP(e, )
i=1
with

VP(X,Y)=(VyP)X = Vy(PX) — P(VyX),

forevery X, Y € X(X).
It remains to compute the last term of equation (30). Indeed, from (25),

VP(X,Y)=2Y(H)X — VA(X,Y),
for every X, Y € X(X). Then, (18) implies that
div(P) = r(VP) =2VH — 2VH — (k — 415 CT = —C (i — 41T, (31)

so finally (29) follows from (30) and (31). O
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4 Willmore surfaces in S3 (x, 7)

Letx: X2 — M3 («) be an isometrically immersed orientable closed, i.e., compact without
boundary, surface into the Riemannian space form M3 («) with constant sectional curvature
k. The Willmore functional is defined by

W(x) = / (H? 4+ Kk)dA,
=

where dA denotes the area element of the induced metric on ©2. Associated to this functional,
there is the famous Willmore conjecture, solved in 2012 by Marques and Neves [19], which
guarantees that this integral is at least 2772 when %2 is an immersed torus into R3. We say
that £2 is a Willmore surface if it is a stationary point for the functional WW. Moreover, it is
well known that W is a conformal invariant and its Euler—-Lagrange equation is given by (see
[7,31D

AH +|®)*H = 0.

For our interests, let x : £2 — E3(k, ) be an isometrically immersed orientable closed
surface into the homogeneous 3-manifold E3(k, 7). Following Weiner [31], we consider the
following Willmore functional,

W = [ @+ Boan,
)
where at any p € %2, K denotes the sectional curvature of T,% in E3 (k, T), which follow-
ing (2)-(4) can be expressed as
K =1>+ (k — 415 C% (32)

In the following result we obtain the Euler-Lagrange equation of W, extending the result
of Weiner [31,Theorem 2.2] for immersed surfaces into the homogeneous space E3(k, 7).

Proposition2 Ler x : £2 — E3(k, 1) be an isometrically immersed orientable closed
surface. Then x is a stationary point of W if and only if

AH + (|®1* + (k — 4t5)(1 + CH)H — 2(k — 4T*)(A(T), T) = 0.
Proof Let us consider a variation of x, that is, a smooth map X : (—¢, &) X 2 - E3 (k, T)

satisfying that foreachr € (—¢, ¢),themap X, : £2 — E3(k, 1), givenby X, (p) = X (1, p),
is an immersion and X = x. Then, we can compute the first variation of WV along X, that is,

d W(X;)
dt !

d e
= di (HI + Kt)dAl
o dJz

t=

1=0 (33)
=/Z (E(Ht + K)dA; + (Hf + Kz)a(dAt))

’

t=0

where, foreacht € (—e¢, ¢), H, and K, stand, respectively, for the mean curvature of >2 and
the sectional curvature of 7, X in E3(k, T) with respect to the metric induced by X;, and dA,

denotes its volume element.
Observe that, on the one hand, the following identity is well known (see for instance [5])
dH,

2——

& =Af+2(VH,Y")+ Ric(N,N) + |AP) f.

t=0
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Ric being the Ricci curvature tensor of E(k,t)and Y = %—)t( —0 the variational vector field

related to the variation X, which can be decomposed as Y = YT + fN with f = (¥, N).
On the other hand, denoting by N, the unit normal vector field along X2 with respect to
the metric induced by X, since No = N it holds

dK,; | _d o, 4.2 2 (e 42 d
a |y~ (v2 + (i — 42°)(N., €)°) I=0—2(K 4t )<N”E>dz<N”$> .

Since Y = aa—)f |t:0 is a coordinate field, there exists an orthonormal frame {eq, €3} in X(X)
such that [Y, ex] = 0, for any k = 1, 2. Thus, a direct computation gives us

Vf=-VyN—Ax").
Then, from the integrability equations (5) we get

dK,

(e a2 T
a = —2(k —4r )C((Vf,T)+((A+rJ)(T),Y )).

t=0

Furthermore, by using Lemma 4.2 of [4] (see also [8,Lemma 5.4]), we have

d . uT
@) _<—2Hf+d1v(Y ))dA.

t=0

Using the previous equalities, we obtain

H
dA = 2HQ
dr

dK,
dA+ —L| dA
=0 dr =0

= H (Af + ®Ric(N, N) + |AP) f) dA + (VH, ¥ T)da B4

d _
E(HE +K;)

t=0

— 2k —4tH)C ((Vf, T) + (A + tI)(T), YT)) dA

and

= —2H(H?> +K)fdA+ (H*> + K)div(y )dA.  (35)

(H* + f)g(dAt)
dr =0

Let us also observe that
div(H?Y ") = H*div(Y ") + (VH%, Y T).
From (5) it also holds
div(KY") = Kdiv(Y ") — 2(k — 4t>)C((A+ tJ)(T), Y ).

Then, it follows from (35) that

— d _
(H* + Ky @Ay = —2H(H?+K) fdA + div(H?Y ")dA — (VH?, Y )dA 6
=0

+div(KY dA + 2(x — 472)C{(A + tJ)(T), Y T)dA.
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Hence, replacing (34) and (36) in (33), we get

d W(X;)
dt !

= / (HAf + HRic(N, N) + |AP*) f —2H(H* + K) f) dA
t=0 P

—2(k — 412)/ C(Vf,T)dA
X
= / (AH + Ric(N, N) + |[A)H — 2H(H* + K)) fdA
)

— 2k —412)/ C(Vf,T)dA.
)

Besides this, from (5) and (6),
div(CfT) =Cfdiv(T) + C(Vf,T)+ f(VC, T)
=2HC*f + C(Vf,T)— f(A(T), T).
Therefore,

d W(X;)
dr !

= / (HAf + HRic(N, N) + |AI) f —2H(H* + K) f) dA
t=0 D)
+2(k — 472)/ (2HC? — (A(T), T)) fdA
x
= / (AH + (Ric(N, N) + |AI))H — 2H(H* + K)) fdA
z

+2(k — 412)[ (2HC? — (A(T), T)) fdA.
z

Consequently, x is a stationary point of the Willmore functional W if and only if
AH + (|®1* +Ric(N, N) — 2K +4(k — 4t*)C?) H — 2(k — 4t*)(A(T), T) = 0. (37)
Finally, by an straightforward computation from (2) and (4) we easily obtain
Ric(N, N) =k —27% — (k — 47%)C?,
which jointly with (32) and (37) yields the desired result. O

Remark 3 1t is not difficult to check that minimal surfaces and Hopf cylinders over a curve

of geodesic curvature k; = V2212 — k), for all k, T € R with k < 272 satisfy (37). So,
they are stationary points of the Willmore functional W.

Before presenting our classification result for Willmore surfaces in E3(k, ), we firstly
need the following lemma whose proof follows the ideas developed in [13,Lemma 2.1] (see
also [17]).

Lemma 3 If X2 is an isometrically immersed orientable surface into the homogeneous space
E3(k, ©), then
IVAI> > 3|IVH|> + 2(x —4t>)C(VH, T). (38)

Proof Given any a € R, let us consider the following tensor

F(X,Y,Z)=(VAX,Y), Z)
+a((VH,X){(Y,Z)+ (VH,Y)(X,Z)+ (VH, Z){X,Y)).
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A direct computation gives
F(X,Y,Z)» = (VAX,Y), Z)> +2a01(X, Y, Z) + a*02(X, Y, Z),
where
o1(X,Y,Z2)=(VAX,Y), Z) (VH, X)(Y,Z)+(VH,Y){X,Z) + (VH, Z)(X, Y))
and
02(X,Y,2) = ((VH, X)X(Y, Z)* + (VH, Y)X(X, Z)* + (VH, Z)*(X, Y)?)
+2(VH,X)(Y,Z)(VH,Y)(X,Z)+ (VH, X)(Y,Z)(VH, Z){X,Y))
+2(VH,Y)(X, Z)(VH, Z)(X, Y).
In order to compute these last terms, let us take {e1, e} an orthonormal frame on X(X).

Then, it is not difficult to check that

2 2
Y (VA(ei ¢j), ) = VAP and )" Qa(eisej, ex) = 12]VH].
i,j.k i,j.k

Besides that, from Codazzi equation and (18), we have

2 2

Y Qileiejer) =Y ((VAei e)), ¢)(VH, &) + (VA(ei, €)), e))(VH, ¢}))
i,j.k i,j=l1

2

+ ) (VA(ei, e), VH)
i=1
=6|VH|? 4+ 2(k — 4t>)C(VH, T).
Hence,

|F|> = VAP +2a (6]VH|* + 2(k — 4t*)C(VH, T)) + 12a*|VH*.
Taking a = —1/2 we obtain (38). O
We can finally present our first main result.

Theorem 1 Let X2 be an isometrically immersed orientable closed Willmore surface into an
homogeneous space B3 (k, 7). Then,

/ (Io]* — (272 — (k — 475 (1 = 3C?)) |@[%) dA
z
— (k — 47%) f (IVCI* + (Ko + 151 = 5C?) + 27%(1 — 3C?)) dA > 0,
z

where the equality holds if and only if 2 is a parallel surface.

In particular, if k < 212 the equality holds if and only if E3(k, 1) = Sg(l(, 7) and $?% is
either a Clifford torus or a Hopftorus over a closed curve of geodesic curvature /2(2t% — k)
on S2(k).

Proof Firstly, taking into account (28), (26) can be written as follows,

LU2H) =4HAH — 2tr(A o Hess H)

1 1
=2HAH — 5A|q>|2 —2|VH> + EA|A|2 — 2tr(A o Hess H),
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where AH?> = 2HAH + 2|V H|? has been used. Consequently, by (24),

OQH) =2HAH — %A|cb|2 +|VA? = 2|VH?

101 (2K, + (c — 4t2)(5C% — 1) + 277) 39)

—2(k —41%) (H(@(T), T) + (@ (T), J(T))).
Let us observe now that from Lemma 3 we get

IVA]> =2|VH|?> > |[VH|> + 2(k — 4t*)C(VH, T)
> 2(k —4t>)C(VH, T), 0
where the equality holds if and only if
IVAI> =3|VH> + 2(k — 4t>)C(VH, T) =0,

that is, if and only if ¥.? is a parallel surface. Then, from Lemma 2 and taking into account (39)
and (40) we obtain the following inequality,

div(P(2VH)) = OQH) — 2(k — 4t*)C(VH,T)
>2HAH — %A|<P|2 +1®1* (2K, + (k —47%)(5C? — 1) + 277)
—2(k — 47%) (H(®(T), T) + t(@(T), J(T))).
Therefore, the divergence theorem yields
—2[2 HAHJA > /2 1% (2K, + (k — 4T (5C* — 1) +27%) dA
—2(k — 47?) fz (H(®(T), T) + t(P(T), J(T))) dA.

On the one hand, from Proposition 2 we can write
2HAH = —2H* (|0* + (k —4t%)(1 + C?)) + 4(k — 4t H(A(T), T)
=— (191 +2K.) (12* + (k —472)(3C?* = 1)) + 4(k — 4T H(D(T), T)
= —[®]* 2K, + |®* + (k — 472 (3C?* = 1)) — 2(k — 47%)(3C? — DK,
+4(k — 4t H(D(T), T),

41)
where we have used that
|®> —2H* = —2K,, (42)
which follows from (7) and (28). Hence,
0> / |12 (=P +2(k — 4T3 C? +272) dA +2(k — 4r2)/ (1-3C*HK.dA
b z (43)

+2(k — 412)f (H(®(T), T) — t(®(T), J(T))) dA.
)

On the other hand, by using A> —2HA + K,I = A> —2H® — (|<1§|2 + Kg) I =0and
the integrability equation (5), we easily obtain

IVC|> = 2H(®(T), T) + 2t(&(T), J(T)) + (19* + K, + %) IT|*. (44)
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T

Now, let us consider the local orthonormal frame on X(X), {e1, ez} such that ¢; = WAl and
ex = J(e1) we get
div(J(T)) = —(J(T), Ve e1) + e2(IT)),
which using once more the integrability equations (5) yields
div(J(T)) = 2zC. (45)

So, from (5) and (45),
div(tCJ(T)) =272C? —t((A+tT, J(T)) = —t(¢d(T), J(T)) — (1 — 3C?).
Thus, by (44)

2H(®(T), T) — 2t(¢(T), J(T)) = |VC|* + 4div(tCJ(T)) + 2(3 — 11C?)
— (1P + Ke)(1 — C?)

Therefore, by (43) we obtain

0> f |2 (=12 * + (« —47%)(3C* — 1) +277) dA
x (46)
+ (k — 472) f (IVC]* + (Ko + 5 (1 = 5C?) +272(1 - 3C?)) dA4,
)

which is the desired inequality.

Moreover, as we have remarked before, the equality holds in (46) if and only if X2 is
a closed parallel surface. Then, from Lemma 1 X is either a Hopf torus (necessarily in
Sg (k, 7)) over a Riemannian circle in S%(x), or a piece of a slice in M2 (k) x R. However,
since X2 is closed this last case only occurs in the case 7 = 0 and x > 0, which does not
satisfy the assumption ¥ < 272.

Consequently, X2 is a Hopf torus in Si(K, 1), so in particular C = 0 and K, = —7°.
Hence, (41) reads

0= (=@ +27%) (19 +k —47?).

Then, either |@|? = 272, which implies that H = 0 and %2 is the Clifford torus, or |®|? +
k — 472 = 0. Thus, from (42) we get H = / Zﬂ% and, consequently, 2 is isometric

to a Hopf torus in Sz (k, T) over a curve of geodesic curvature /2 (21:2 — K) on S2(k), for

0 <k <272, O

5 Classification results for constant extrinsic curvature closed surfaces

Let us begin by obtaining some new interesting divergence formulae, which will play a
fundamental role in the proof of the main results in this section.

Lemma4 Let 2 be an isometrically immersed surface into the homogeneous space B (k, 7).
Then the following divergence formulae hold on $2,

(a) div(VeT) = K|T2+ T(divT) + |VT|? — 472C2.
(b) div (div(T)T) = T(divT) + 4H2C2.
(c) div(IT|VIT|) = K|T|*> 4+ TdivT) + |VT|? = 222|T|? = 2¢(®(T), J(T)).
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Proof Firstly, let us observe that items (a) and (b) have already been proved in [29] (see also
[16,Lemma 3.2]). However, we will include the proofs for the sake of completeness.
From the integrability equations (5) it is immediate to check that

div(V7T) = div(C(A—1J)(T)) = —(AX(T), T) +12|T > + Cdiv(A(T)) — t Cdiv(J (T)).

47)

On the one hand, given a local orthonormal frame {e;, e>} on X(X) diagonalizing A, from
the Codazzi equation (9) it holds

2 2
div(A(T)) = > (Ve ANT), &) + Y (A(Ve,T), e)
i=1 i=1
2 (48)
=tr(V7A) + Clk —4T)[TP + Y (Ve T, Ale;))
i=1

=2T(H) + C(k — 4t)|T|* + C|A]%,

where in the last equality we have used again (5) and the fact that the trace commutes with
the Levi—Civita connection.
On the other hand, (6) yields

T(div(T)) = —2H(A(T), T) +2CT(H). (49)
Then, taking into account (45), (48) and (49), (47) reads
div(VyT) = K|T)? + T(div(T)) + C?|A|> — 272C?,
where we have used (10) and (21). Finally, item (a) follows by observing that

2
VT = ) (Ve T.ej)* = CH(A]* + 217, (50)
i,j=1
for any {er, e} local orthonormal frame on X(X).

Item (b) follows directly from (6).
With respect to item (c), a direct computation from (5) guarantees us that

IT|V|T| = C(A + tJ)(T). (51)
Then, taking divergences in (51),
div (|IT| V|T]) = div(A(T))C + tdiv(J(T))C + (VC, (A + tJ)(T)). (52)
It is easy to check from (21) and from the integrability equations (5) that
(VC,(A+TI)(T)) = —(A*(T), T) — 2t (A(T), J(T)) — T*|T*
= —2H(A(T),T) + K.|T|* = 2¢(&(T), J(T)) — *|T|*.
Then, item (c) follows by inserting (48)—(50) and (53) in (52). ]

(53)

Bringing all these formulae together, we get the desired divergence-type formulae,

Corollary 1 Let 2 be an isometrically immersed surface into an homogeneous space
E3(x, T). Then the following divergence formulae hold,

div(U) = AK, + VA —4|VH|* +2|®|* (K, + (k — 47%)(4C? — 1) + 77)

54
—2(k —47%) 2H(®(T), T) + (K. — 75 (1 — 3C?)) , oY
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whered = PQVH) + (k — 4t2) (V¢ T — |T|V|T| + div(T)T) and
div(V) = AK, + [VA? = 4VH|* +2|®|* (K, + 3(k — 47%)C? + 2) 55)
—2(k —41tH) (IVCI* - 2(K, + 15)C?),

where V = PQVH) + (k — 4t2) (IT|V|T| 4+ div(T)T — V¢ T).

Proof On the one hand, letf; = VT — |T|V|T| +div (T)T, then from items (a), (b) and
(c) of Lemma 4 we can compute

div (Uy) = —272(3C? — 1) + 2t(P(T), J(T)) + T(div(T)) + 4H>C>. (56)
Then, from (56), (49) and item (d) in Lemma 4 we get
div) = OQH) — 2H (k — 47%) ((A(T), T) — 2C*H)
—2t(k —41%) (T3C? — 1) — (®&(T), J(T))).

Taking now into account Proposition 1 jointly with (4) and the definition of @, we easily
deduce

divid) = AK, + [VAP? —4VH? +2|®* (K. + (k — 472)(4C? — 1) + 72)
+ (kK — 47 (—4H(®(T), T) + (1 = 3C*) 27> + @ — 2H?)).

Then (54) follows from (42).
On the other hand, let us observe that

V—U =2k — 47 (T|V|T| — V¢ T).
Therefore, from (54) and items (a) and (c¢) of Lemma 4, it holds
div(V) = AK, + |[VAP> —4|VH* + 2| * (K, + (k — 4t (AC* — 1) + 7?)
+2(k — 47%) (472C? = 20| T* — 20(P(T), J(T))
—2H(®(T),T) — (K, — (1 - 3C?)).
Then, the desired formula (55) follows from (4) and (44), so Corollary 1 is proved. ]

In the next results we will approach the case in which the extrinsic curvature is constant
and negative. For this, the following lemma is essential.

Lemma5 Let £2 be an isometrically immersed orientable surface into the homogeneous
space E3(k, T) with constant extrinsic curvature K, < 0. Then

IVA]> <4|VH|*. (57)
In particular, the equality holds if and only if £2 is a parallel surface.

Proof Indeed, let {e], e»} be alocal orthonormal frame which diagonalizes A, thatis, A(e;) =
Aiei,i =1,2. Then |VA* = Ziz,jzl(ei (Aj))Z, and by a direct computation we get

4VH> = (e1(M) + e1(A2)? + (e2(h1) + e2(A2))*.

Hence,
IVA]> — 4|VH> = =2(e1(A1)e1 (k) + e2(A1)e2(12)). (58)
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On the other hand, since K, = A1, is a negative constant, taking derivatives with respect
to e; and ep,
0=¢;(K.) =ei(A)A2 +A1ei(A2), i=12. (59

Furthermore, A1, A2 # 0, so from (59) it holds
Al .
ei(A1) =——ei(h2), i=12.
A2
Therefore, (58) reads

2\ 2K
IVAI? —4|VH|* = T;w%uz) +e3 (1)) = T;w%ag) +e3(r) <0 (60)
2

as desired. The conclusion about the equality is immediate. O

Corollary 2 There exists no immersed surface into the homogeneous space E3(k, T) with
Kk — 412 £ 0, satisfying the equality in (57) and having positive constant extrinsic curvature.

Proof Indeed, suppose there exists an immersed surface >2 into E3 (k,T), kK — 472 # 0,

satisfying the equality in (57) and having positive constant extrinsic curvature. Following the

same reasoning as in the proof of Lemma 5, we obtain (60), so

2K,
3

0= VAP —4|VH|> = 5 (] (M) + 63 (12)) = 0.

Since K, > 0, we must have ej(A2) = ez(A2) = 0. Therefore, A, is constant, so by the
assumption on the extrinsic curvature A; is also constant. Thus, ¥2 should be a parallel
surface of E3(k, 7). Hence, from Lemma 1 £2 is either isometric to a piece of a Hopf
cylinder or of a slice, which is a contradiction since in both cases K, = -2 <. O

Now, we present our first result related to surfaces with constant extrinsic curvature in
S; (k. 7).

Theorem 2 Let X2 be an isometrically immersed closed surface into the homogeneous space
E3 (k, T), K — 472 = 0, with negative constant extrinsic curvature. Then

/ 1D (Ke + (k — 472 (4C* = 1)+ 72)dA > (k — 41:2)/ 0.k, dA,
X p))

where
Qv x, = 2H(®(T), T) + (K, — 2)(1 — 3C?). (61)

The equality holds if and only if E3(k, T) = Sz (, T) and $? is a Hopf torus over a Rieman-
nian circle in S% ().

Proof By Corollary 1,
div(U) = AK, + VAP —4|VH* + 2| * (K, + (k — 4t (AC* — 1) + 7?)
—2(k — 4t%) (2H(D(T), T) + (K. — t)(1 — 3C?)).

Since we are supposing that the extrinsic curvature is a negative constant, from Lemma 5,
we can estimate the divergence in this way

div @) < 2|1®* (Ko + (k — 47 (AC? — 1) + 72)
—2(k — 4t%) (2H(D(T), T) + (K. — t5)(1 — 3C?)).
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Therefore, taking integrals and using the classical divergence theorem, we have
/ {1817 (Ke + (k —4T5)(4C* — D) +72) — (k — 419 Q7 k,}dA >0, (62)
by

where Q¢ g, is defined as in (61), which is the desired inequality.

Furthermore, the equality is satisfied if and only if the equality holds in (57). Since K, < 0,
Lemma 5 guarantees that ¥ is a parallel surface in E3(k, t). Therefore, from Lemma 1,
we conclude that ©2 is isometric to a piece of a Hopf cylinder or to a slice of M2 (k) x R
when t = 0. Thus, by closedness and recalling that slices in M?(«) x R are totally geodesic
surfaces, so consequently satisfy K, = 0, the equality in (62) is only satisfied in the case
where E3(k, 1) = Si (k, 7) and X2 is isometric to a Hopf torus. ]

We can also obtain the following alternative characterization result from (55).

Theorem 3 Let X2 be an isometrically immersed closed surface with negative constant extrin-
sic curvature into the homogeneous space B3 (k, T) such that k — 4t > 0. Then

/ {3k —4tH)C? + Ko + 72) |0 + 2(k — 41 (K, + 15)C?} dA > 0. (63)
x

The equality holds if and only if E3(k, T) = Sz (, T) and $? is a Hopf torus over a Rieman-
nian circle in S% (k).

Proof The proof of (63) follows immediately taking integrals in (55) and taking into account
Lemma 5. The conclusion regarding the equality follows as in Theorem 2. O
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