Pattern Recognition 138 (2023) 109396

journal homepage: www.elsevier.com/locate/patcog

Contents lists available at ScienceDirect

Pattern Recognition

Assessing polygonal approximations: A new measurement and a )

comparative study

Check for
updates

Nicolas Luis Fernandez-Garcia®, Luis Del-Moral Martinez, Angel Carmona-Poyato,

Francisco José Madrid-Cuevas, Rafael Medina-Carnicer

Department of Computer Science and Numerical Analysis, Cérdoba University, Spain; and Maimonides Institute for Research in Biomedicine (IMIBIC),

Avenida Menéndez Pidal s/n, Cérdoba 14004, Spain

ARTICLE INFO ABSTRACT

Article history:

Received 8 July 2021

Revised 24 November 2022
Accepted 5 February 2023
Available online 11 February 2023

Keywords:

2D Closed curve
Contour

Polygonal approximation
Performance evaluation

Two proposals related to the evaluation of polygonal approximations are presented in this document.
First, a new measurement, called normalized compression ratio and adjustment error (NCA), to provide
a fair evaluation of the performance of the polygonal approximations of 2D closed curves is proposed.
Second, a new methodology for evaluation of measurements for assessing polygonal approximations is
also proposed. This methodology is based on the optimal quality curve concept, which can characterize the
performance of the measurements. A simple visual analysis of the optimal quality curve allows possible
drawbacks or weaknesses of the measurement to be detected. The new evaluation methodology is used
to compare the performance of the proposed NCA and the most popular measurements, such as Rosin’s
Merit, FOM or versions of FOM. Experiments show that NCA obtains the best results and, therefore, may
be used to fairly evaluate the performance of polygonal approximations.
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1. Introduction

The characterization of the image processing algorithms is es-
sential to analyze new techniques and to improve the performance
of real-world applications of computer vision research [1]. Digital
image processing consists of some fundamental steps: image ac-
quisition, preprocessing, segmentation, representation and descrip-
tion, and recognition and interpretation [2]. The present work fo-
cuses solely on the evaluation of a specific type of image repre-
sentation: polygonal approximation of 2D closed curves or con-
tours, which is a very important topic of shape representation [3].
Shape representation based on polygonal approximation is exten-
sively used for constructing a characteristic description of a con-
tour in the form of a series of straight lines or piece-wise linear
approximation. This representation is very popular due to its sim-
plicity, locality, generality and compactness [4], and it has been
used in many applications, such as compression [5], digital cartog-
raphy [6], shape classification [7] or remote sensing [8].

Given a contour C = {(x;,y;)]i € {1,..., N}}, a polygonal approx-
imation algorithm looks for a subset of points P={(x],y))ie
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{1,...,Np}}, where P C and N, <N, so that P represents the en-
tire contour C properly. The points of the polygonal approximation
are usually called dominant points (DP). The problem of the gener-
ation of polygonal approximations of a contour can be approached
in two different ways [9]: (1) minimum-distortion problem or (2)
minimum-rate problem. The algorithms based on the minimum-
distortion problem or Min — € problem consider a predefined num-
ber d of dominant points and try to generate the optimal polygonal
approximation with the minimum error from the contour among
all the approximations with d dominant points [10]. Instead, the
algorithms focused on the minimum-rate problem or Min — # prob-
lem try to generate the optimal polygonal approximation with the
minimum number of dominant points, so that its adjustment error
from the contour is less than a predefined error € [11]. The polyg-
onal approximations algorithms can be classified as (1) optimal or
non-optimal and (2) supervised or unsupervised algorithms [12].
The optimal algorithms are based on an optimization criterion but
have two main drawbacks [13]: the optimum depends on the ap-
plied criterion and requires a very high time complexity. On the
other hand, the non-optimal algorithms are not designed to guar-
antee any kind of optimum, but can find reasonable polygonal ap-
proximations for real-time applications. For both optimal and non-
optimal approaches, the supervised algorithms take into account

0031-3203/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/)


https://doi.org/10.1016/j.patcog.2023.109396
http://www.ScienceDirect.com
http://www.elsevier.com/locate/patcog
http://crossmark.crossref.org/dialog/?doi=10.1016/j.patcog.2023.109396&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:ma1fegan@uco.es
https://doi.org/10.1016/j.patcog.2023.109396
http://creativecommons.org/licenses/by-nc-nd/4.0/

N.L. Ferndndez-Garcia, L.D.-M. Martinez, A. Carmona-Poyato et al.

one or more parameters to generate the polygonal approximations
and, therefore, this is their main drawback, because these param-
eters must be tuned [14]. On the contrary, the unsupervised algo-
rithms generate the polygonal approximations without using any
kind of parameters [12].

Many measurements were proposed to evaluate the quality of
the polygonal approximations, but all of these measurements suf-
fer from very serious deficiencies or weaknesses (Section 2). Ow-
ing to this reason, a new evaluation measurement, called nor-
malized compression ratio and adjustment error (NCA), to provide
a fair evaluation of the performance of the polygonal approxi-
mation algorithms is proposed (Section 3). In order to evaluate
the performance of the measurements for polygonal approxima-
tions, including the new proposal NCA, a new evaluation method-
ology, based on the optimal quality curve concept, is also proposed
(Section 4) and used in the experiments (Section 5). The present
paper is arranged as follows. Section 2 describes the related work.
Section 3 explains the new measurement NCA for assessing polyg-
onal approximations. Section 4 describes the new methodology,
based on the optimal quality curve concept, to evaluate the quality
of polygonal approximations. The experiments and results are de-
tailed in Section 5. Finally, the main conclusions and future work
are summarized in Section 6.

2. Related work

Two approaches are used to evaluate the quality of a polyg-
onal approximation: subjective and objective [15]. The subjective
approach is a qualitative evaluation in which several human ob-
servers visually compare the original contour with the polygonal
approximation [16]. This approach is easy to apply, but cannot be
automated and depends on the particular criteria of the observers.
On the other hand, the objective approach is a quantitative eval-
uation in which two criteria must be taken into account [15]: (1)
the number of points of the polygonal approximation and (2) its
adjustment error to the contour. The objective approach can be au-
tomated but has a main drawback: the two criteria on which it
is based are opposed to each other. Table 1 classifies the mea-
surements for quantitative evaluation into categories according to
the number of points of the polygonal approximation and the ad-
justment errors of distance, area or length. Two main categories
are considered: (1) uncombined measurements and (2) combined
measurements. The uncombined measurements are based solely
on the number of points or on a single type of error, while the
combined measurements use two or more of them.

The most common measurement to evaluate the number of
points of the polygonal approximation is compression ratio: CR =
Nﬂp, where N is the number of contour points and N, is the number
of points of the polygonal approximation or dominant points (DP).
If DP decreases then CR increases, and vice versa. Similar measure-
ments to CR are: (1) the percentage of data reduction [17] or (2) the
compression percentage [18].

Different measurements were proposed to evaluate the adjust-
ment error, such as (Table 1): (1) the integral square error: ISE =
E; = ZL eiz, where e; is the distance of the contour point P; from
the polygonal approximation; or (2) the maximum deviation error:
Ex = maxjc(y,  ny{e;}. Similar measurements to E,, were the par-
allel strip and the minimum width [19]. Other approaches consid-
ered the area deviation error [20], but these measurements cannot
truly judge the quality of approximation as the error area outside
the curve is balanced by an inside error area [21]. The length was
also used to define new measurements [22]. Some measurements
combined the adjustment errors and the length [23].

In general, if the number of points is reduced, then the error
increases; otherwise, if the number of points is increased, then the
error decreases. Because of this, the aim of the objective evalu-
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ation must be to achieve the best trade-off between the number
of points and the adjustment error of the polygonal approximation
[15]. The Figure of Merit FOM = ,%E was proposed [24] to make
the trade-off between the compression ratio and the total distor-
tion caused [25]. However, the terms CR and ISE used by FOM
are not balanced, causing the measure to be biased towards ap-
proximations with lower ISE and many dominant points. Hence,
FOM is not the best measure for comparing contours with different
numbers of dominant points [15]. Three versions of FOM were: (1)
weighted sum of squared error: WE, = % [26], defined as the in-
verse of FOM, (2) weighted maximum error: WEmax or WE,, = EC%;
[26] and (3) modified figure of merit [27] or MFOM — 3 = ISE E
(Np)? [28]. Other versions of FOM were also proposed [29]. Tech-
nically, all these measurements are similar to FOM and, therefore,
suffer similar problems [21]. The parametric version FOM, = %E,
where n € {1, 2,3}, was introduced to control the contribution of
the compression ratio to the overall result to reduce the imbalance
between the two terms and was motivated by the observation that
ISE changes more rapidly than CR for almost all test shapes [30].
The inverse of FOM,, defined as WE} = %, where n e {1, 2, 3},
was also used [31]. WE% makes a better trade-off between com-
pression ratio and error, because WE; and WE% favor polygonal ap-
proximations with many or few dominant points, respectively [32].

Other measurements were proposed by Rosin [15] or Carmona
[32] to take into account the comparisons with optimal polygonal
approximations, but this is their main difficulty, because obtaining
optimal solutions is computationally very expensive [33].

Rosin’s  Merit [15] was  defined as Merit =

\/Fidelity x Efficiency, where Fidelity = EEa"pppfr x 100 and Effi-

. N,
ciency = Nﬂ‘;”p‘r x 100 where Egppr and Ngppr are the error and

the number of dominant points of the sub-optimal polygonal
approximation, Eop is the error produced by the optimal algorithm
with the same number of dominant points and Ny represents
the number of dominant points that would require an optimal
algorithm to produce the same error. Rosin’s Merit can compare
polygonal approximations with different number of dominant
points. Nevertheless, this measurement also suffers a few weak-
nesses: the polygon that consists of just break points (points where
the boundary takes a turn) will produce Fidelity = 100, Efficiency =
100 and Merit = 100. It means that the set of break points taken
as dominant points will produce a perfect approximation, but this
type of approximation is of no practical use since its compression
ratio is very low [25] and most of break points do not provide
relevant information. On the other hand, the optimal polygonal
approximation with only three dominant points would also have
the best value of Rosin’s Merit, but would hardly resemble the
contour [32], unless it was triangular in shape.

Carmona’s Merit [32] is another measurement for optimal polyg-
onal evaluation. If C is the original contour and P is the polygonal
approximation to be evaluated, then the following steps must be
carried out: (1) the optimal polygonal approximation for i points,
where i€ {3,...,n,} and n, is the number of break points of C,
must be obtained using an optimal algorithm [34]; (2) the value of
E = éSTEZ must be computed for every optimal polygonal approxi-
mation; (3) an unimodal thresholding algorithm [35] is applied to
the values of F, to select a reference optimal polygonal approxima-
tion; and, finally (4) this reference is used to evaluate the polygo-
nal approximation P using the values of the fidelity and efficiency.
This measurement has several and important drawbacks: (1) it has
very high computational complexity, because many optimal polyg-
onal approximations must be computed; (2) the reference optimal
polygonal approximation is based on the values of F, but this mea-
surement, which is called WE% in this document, does not always
allow a quality reference polygonal approximation to be obtained.
See the experiments in Section 5 for details.
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Table 1
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Measurements for Quantitative evaluation: classification of measurements into categories according to the number of polygonal points and dis-

tance, area or length errors.

Measurement [refs]

Number of points

Distance error

Sum  Maximum  Area error  Length error

Uncombined measurements

Compression percentage: % = 100 x N—,\;’ [18]
Compression ratio: CR = Nﬂp

Percentage of data reduction: 100 x % [17]

Er =YL e [36]

Integral square error: ISE = E,= YN | e?

Minimum width [19] '
Parallel strip or infinite beam [19]

Area between approximation polygon and curve E; = [A—Ap| [37]
Average (normalized) area deviation: 4 = 1y~ 4; [38]
Mean area error: MAE = Ni,, Zﬁi”l A; [38]

Normalized mean area error: NMAE = % [38]

d
Relative area deviation: E4 = 100 x ‘A’A%A’" [20]
Approximate error [39]: € = Ly
Difference between the lengths: |L — Lp| [40]
Efficiency of approximation: 100 x LupL:m: [22]
Length ratio: R= £ [41]
Length ratio: LR = LTP [42]
Combined measurements
Additive cost function C = ISE + A x N, [43]
Average (normalized) integral square error: E"‘% = % [44]
Compression-pertinence ratio 1 C Pr1 = 100 x % [36]
Compression-pertinence ratio 2: C Pr2 = 100 x % [36]
Compromise ratio: 100 x 5 [45]
Figure of Merit: FOM = R [24]
Inverse of Parametric Figure of Merit: WE} = %, ne{l,2,3}[31]
Merit = ,/Fidelity x Efficiency [15]

NCA=1 x (& + —2% — 1) (proposal)
1+e "D

New parametric figure of merit: FOM — a = ISE (N,)“ [43]
Optimization error: Eg = S5t — BE_ |

Parametric Figure of Merit: FOM,, = %, ne{l1,2,3}[30]
Percentage relative difference: PRD = E"%ﬂ?f’" x 100 [46]
Reference polygonal approximation [32]

Relative error E; = % [47]

Root mean square error: RMS = @ [48]

Root mean square error: RMSE = \/% [49]

Weighted sum of squared error: WE; = % [26]

Modified figure of merit: modifiedFOM = $& x ®= ,SECfZEx [27]

Modified figure of merit: MFOM — 3 = ISE E., (Np)> [28]

Average max error: Nip Z,’E] MaxErr; [29]

Merit,, = ,/Fidelity,, x Efficiency., [50] (based on E)

New parametric figure of merit: FOM — a = E.. (N,)“ [28]
Weighted maximum error: WEmax or WE,, = %R [51]
Deviation ratio: r = 5E [23]

Ratio of the length and maximum error: EL—i [6]

Relative error [46] or normalized maximum error [3]: ET*
Sum of normalized maximum deviations: Yy}, ™t [52]
Normalized area deviation: £ [37]

Standard area deviation: M’L—A”‘ [37]

> X

HKOXKXK XXX XX X X X X XXX XX XXX XXX X

XXX

XX X X X

XX X X X

HKX XX X X X X XX X XX XX XXXXX

XX X X X X

XXX
XX X X X X

In summary, many measurements were proposed to evaluate
polygonal approximations, but none of them is considered unan-
imously the best one. Furthermore, it is unknown that a compar-
ative study of measurements for assessing polygonal approxima-
tions has been carried out. Due to these reasons, a new assessment
measurement (NCA) is proposed (Section 3) and its performance is
compared with the most popular measurements (Section 5) using
the new evaluation methodology based on the optimal quality curve
concept (Section 4).

3. New assessment measurement

A new objective assessment measurement, called normalized
compression ratio and adjustment error (NCA), is proposed to evalu-

ate the quality of the polygonal approximations. Four criteria were
considered to design NCA: (1) both the number of points of the
polygonal approximation and the adjustment error, which are op-
posed to each other, must be taken into account; (2) the values
of the measurement must be normalized between 0 (best value)
and 1 (worst value); (3) its computational complexity must be lin-
ear (O(n)), where n is the number of contour points; and (4) for
each contour, only one polygonal approximation should be consid-

ered the best. NCA is defined as J x (¢ + NISE) where Z is the
inverse of compression ratio and is computed as ClR = % where

N and N, are the contour points and the dominant points of the
polygonal approximation, respectively. The inverse of compression
ratio measures the number of points of the polygonal approxima-
tion and is normalized in the interval [0,1]. If the polygonal ap-
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Minimum inertia axis
Centroid: (299.963 272.449) .

600 - 7

400 - 4

200 - T

0 | | |
0 200 400 600
Fig. 1. Contour bat-1 (N=1960). Maximum distance from the contour points to the

centroid: D; = 355.347. Maximum distance from the contour points to the mini-
mum inertia axis: D, = 233.091. D3 = 2422 — 294219,

proximation consists of all the contour points, then the inverse
of compression ratio takes the worst value: 1.0. NISE is the nor-

malized integral square error and is defined as ZWTE — 1. NISE

D

measures the adjustment error of the polygonal 1;rlgproximation to
the contour. A sigmoid function is used to normalize the values
of NISE in the interval [0.0,1.0). The square root and the division
by the constant D are used to reduce the magnitude of ISE. D is
a user-defined constant greater than 0.0. In the experiments, the
value of D was defined as: D = D‘zﬂ, where D; was the maxi-
mum distance from the contour points to the centroid, and D, was
the maximum distance from the contour points to the minimum
inertia axis (Figure 1).

The definition of NCA satisfies the first three criteria listed
above: (1) both the number of points and the adjustment error
are used; (2) the values of the measurement are normalized be-
tween 0 and 1; and (3) its computational complexity is linear. The
fourth criterion, related to the best polygonal approximation for
each contour, is also satisfied, because NCA always allows to ob-
tain the global optimum minimum value. A modeling process is
done to verify this fact, in which NCA can be modeled using the
number of the points of the polygonal approximation. Without loss
of generality, a contour with N = 100 points and a polygonal ap-
proximation with n dominant points are considered. In this case,
g—R = 14g- The value of NISE is computed using ISE, which decreases
when the value of n increases and vice versa. Owing to this, ISE
can be roughly modeled by the inverse of the number of domi-
nant points n: ISE ~ % Taking into account these two expressions,
the value of NCA can be roughly modeled by the function: f(n) =
— 1) This function is continuous and allows to

1 n 2

7 X (m +

obtain the global optimum minimum value, which corresponds to
the best polygonal approximation (Fig. 2). The experiments also

confirm that NCA fulfills this fourth criterion (Section 5).
4. Optimal quality curve

A new evaluation methodology, based on the optimal qual-
ity curve concept, is proposed to characterize the performance of
the assessment measurements of the polygonal approximations.
This methodology is inspired by the characterization of empiri-
cal discrepancy evaluation measures [53]. An optimal quality curve
0QC(M, C) can be generated for every combination of a mea-
surement (M) and a contour (C): 0QC(M,C) = {(i, M(OPA(i)))]i €
{3....,N}}, where OPA(i) is the global optimal polygonal approx-
imation of the contour C with i dominant points, and M(OPA(i))
is the error of OPA(i) computed by the measurement M (Figs. 4
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Fig. 2. Plot of the modeling of NCA curve: f(n) = § x (33 + —2~ —1).
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Fig. 3. Plot of an ideal optimal quality curve: f(n) = ‘”,(,b‘, where b=10 and N =
100.

and 7). The global optimal polygonal approximation OPA(i) is cal-
culated using an optimal algorithm so that the integral square er-
ror (ISE) is the global minimum, regardless of the initial point of
the contour C [33].

A simple visual analysis of the optimal quality curve allows pos-
sible drawbacks or weaknesses of the measurement to be detected.
If a measurement M assess the quality of the polygonal approxi-
mations in a decreasing! way, so that the best value is the lowest
one, then the absolute minimum value of the optimal quality curve
0QC(M, C) corresponds to the best global optimal polygonal ap-
proximation OPA(best), which gets the lowest value M(OPA(best))
for the measurement M among all global optimal polygonal ap-
proximations OPA(i) to the contour C for i € {3,..., N}. The opti-
mal quality curve should allow the best value M(OPA(best)) to be
found easily. Besides, the optimal quality curve should not have
local minimum values corresponding to very different number of
dominant points. In short, the optimal quality curve should have a
global minimum value and its first derivative must go from very
negative values to very positive values. The desirable or ideal og-
timal quality curve would correspond to the function f(x) = "‘& L
where N is the number of contour points and b is the number of
dominant points of the best polygonal approximation OPA(best),
which obtains the absolute minimum value for the measurement
M (Fig. 3). These properties must be true for every measurement
and contour. On the other hand, if a measurement does not show
these properties for a given contour then this measurement should
not be used to evaluate the quality of the polygonal approxima-
tions of that contour because the measurement would be unfair
with them.

1 If a measurement M uses the increasing way then the “greatest” and the “max-
imum” must be considered.
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Fig. 4. Optimal quality curves generated by some measurements for contour bat-1 (N = 1960; number of break points = 1449).
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5. Experiments

In order to evaluate the performance of the most popular mea-
surements for assessing polygonal approximations and the new
proposal NCA (Section 3), the new experimental methodology
(Section 4), was used in two experiments: (1) the first experi-
ment showed how the optimal quality curve concept was applied to
characterize the behaviour of the measurements when they were
used to evaluate the quality of optimal polygonal approximations
(Section 5.1); and (2) the second experiment compared the per-
formance of NCA, WE%, Rosin’s Merit [15] and Carmona’s Merit
[32] using the well-known contour semicircles [54] (Section 5.2).

5.1. First experiment

The optimal quality curve concept (Section 4) was used to char-
acterize the performance of the new proposal NCA (Section 3)
and those of eight polygonal approximations measurements: FOM,
WEmax, MFOM - 3, WE], WE2, WE3, Rosin’s Merit [55] and Car-
mona’s Merit [32] (Section 2), which were chosen owing to two
reasons: (1) they combined the number of points and the error of
the polygonal approximations; and (2) they were used frequently
to compare polygonal approximations [12]. These measurements
were used to evaluate the quality of the optimal polygonal approx-
imations (regardless the initial point) of 70 shapes of “MPEG-7"
database [56]. This database was used previously [12], is publicly
available in [57] and contains 1400 images, classified into 70 cat-
egories, and each category includes 20 samples, with different ro-
tation, size and position, and even image resolution [58]. Only the
first shape contour of every category was used in the experiments.
The optimal quality curve OQC(M, C) was generated for every com-
bination of measurement M and contour C, that is to say, 9 M x
70 C = 630 0OQC(M, C) were generated. Due to lack of space, only
some optimal quality curves are plotted in Figs. 4, 7, 9, and 10. The
full set of optimal quality curves is available in [59]. The best polyg-
onal approximation proposed by some measurements for various
contours are also shown in Figs. 6, 8, 9, and 10.

The analysis of the optimal quality curves of the measurements
allows to highlight the following results. NCA generated optimal
quality curves, where the best value (the minimum) can be found
easily (Figs. 4(a), 7(a), 9(d), and 10(e)). Besides, the proposed opti-
mal polygonal approximations have a reasonable number of domi-
nant points (Figs. 6(d), 8(e), 9(f), and 10(f)).

FOM generated optimal quality curves in an increasing way, so
that the best value (the maximum) is oo, which was obtained
for all optimal polygonal approximations with a number of points
equal to or greater than the number of the break points of the con-
tour (Figs. 4(b) and 7(b)). The optimal polygonal approximations
proposed by FOM are shown in Figs. 6(e) and 8(f). As Rosin al-
ready pointed out [15], FOM is biased to favor polygonal approxi-
mations with a large number of points. MFOM — 3, WEmax, WEI,
WE% and WE% generated optimal quality curves in an decreasing
way, so that the best value (the minimum) is 0.0, which was also
obtained for all optimal polygonal approximations with a num-
ber of points equal to or greater than the number of the break
points of the contour (Figs. 4 and 7). Obviously, a polygonal ap-
proximation with such a number of points cannot be considered
the best (Figs. 6(g) and 8(f)), and, therefore, these measurements
are not suitable for a fair polygonal approximation evaluation. A
more detailed analysis shows that MFOM — 3 generated a very dif-
ferent optimal quality curves: a clear local minimum can be found
for contour bat-1 (Figs. 4(c) and 6(c)), but the local minimum for
the contour cellular_phone-1 is very close to the number of break
points (Figs. 7(c) and 8(f)). WEmax generated a very irregular op-
timal quality curves with several local minimums (Figs. 4(d) and
7(d)), which corresponded to different polygonal approximations of
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Table 2

Comparison of optimal polygonal approximations generated by NCA and WE2
for contours bat-1 (N = 1960), carriage-01 (N = 729), cellular_phone-1 (N =
1102) and truck-01 in Fig. 5.

Contours (points) NCA NCA WE2 WE2
value DP value DP
bat-1 (N = 1960) 0.0428 80 1.1582 78
carriage-01 (N = 729) 0.0685 63 0.3513 93
cellular_phone-1 (N =1102)  0.0295 32 0.0813 32
truck-01 (N = 270) 0.0948 26 0.7582 4
Average 0.0589 50.2500 0.5873 517,500
Weighted Average 0.0473 60.3327 0.6945 632,901

the same contour (Fig. 6(c), (f) for bat-1, and Fig. 8(b) and (d) for
cellular-phone-1). WE% generated optimal quality curves very differ-
ent from each other. For instance, a local minimum can be found
easily for contour bat-1 (Figs. 4(f) and 6(c)), but this does not hap-
pened for other contours, like cellular_phone-1 (Figs. 7(f) and 8(e))
or truck-01 (Fig. 9(a), (b) and (e)). In some cases, WE% found a local
minimum for an optimal polygonal approximation with few dom-
inant points (Fig. 9(a) and (e) for contour truck-01) or with many
points (Fig. 10(c) and (d) for contour carriage-01).

The Fig. 5 shows a more complex example which has multiple
objects but disconnected: the optimal polygonal approximations
(OPA) generated by NCA and WE% for four contours are shown.
The Table 2 shows the values provided by NCA and WE% and the
number of the dominant points (DP) of these optimal polygonal
approximations. The values of Average = ZL @ and Weighted

vk M@)xn;
?:1 n;
of measurement M (NCA or WE%) for contour i; n; is the number
of points of contour i, and k is the number of contours. As stated
above, WE% provides optimal polygonal approximations with many
dominant points (contour carriage-01) or with few points (contour
truck-01) in comparison with the new proposal NCA.

In short, this first experiment showed that the new proposal
NCA provides better polygonal approximations than the other mea-
surements evaluated in this comparative study based on the anal-
ysis of the optimal quality curves.

Carmona’s Merit [32] generated optimal quality curves in an in-
creasing way form (0% - 100%) with uni-modal shape (Figs. 4(e),
7(e), 9(a) and 10(a)), but this measurement favors polygonal ap-
proximations with very few points that do not resemble the orig-
inal contours (Fig. 9(c) and (e) for contour truck-01). The optimal
quality curves generated by Rosin’s Merit showed that this measure-
ment cannot be used to evaluate the quality of the optimal polyg-
onal approximations, because always assign the best value (100%),
regardless of the number of dominant points (Fig. 11(a)). It should
be remembered that Carmona’s Merit and Rosin’s Merit have a very
high computational complexity.

Average = are also computed, where M(i) is the value

5.2. Second experiment

The second experiment compared the performances of NCA,
WE%, Rosin’s Merit [55], and Carmona’s Merit [32] using the well-
known contour semicircles [54] (Fig. 12) and 36 polygonal approx-
imation algorithms. At first, three notes should be highlighted: (1)
this experiment was not intended to evaluate the quality of the
algorithms, but the performance of the quality measurements; (2)
the contour semicircles was chosen because it was used for the last
decades to study the performance of many polygonal approxima-
tion algorithms; and (3) WE2, Rosin’s Merit and Carmona’s Merit
were chosen because, despite its drawbacks (Sections 2 and 5.1),
they are still used to evaluate the quality of the polygonal approx-
imations [12].
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Table 3
Second experiment. Comparison of polygonal approximation algorithms using the contour semicircles and Rosin’s Merit, (b) WE% and (c) NCA.
NCA NCA WE2 WE2 Merit Merit

Authors (year): method [refs] DP (R ISE value rank value rank value rank
Horng and Li (2002) [13] 15 6.8000 14.3994 0.1269 1 03114 2 100.0000 1
Zhou & Lu (2010) [63] 14 7.2857 17.3855 0.1273 2 0.3276 3 100.0000 1
Lowe (1987) [15] 13 7.8462 21.6600 0.1291 3 0.3518 5 97.1305 6
Wang et al.(2014) [62] 12 8.5000 26.0045 0.1304 4 0.3599 6 100.0000 1
Yin (2004): HDPSO2 [61] 10 10.2000  38.9200 0.1363 5 0.3741 7 100.0000 1
Sarkar (1993): 2-points-method [15] 20 5.1000 13.6500 0.1500 6 0.5248 10 72.1445 9
Banerjee et al. (1996) [15] 13 7.8462 39.3600 0.1514 7 0.6394 13 63.5739 13
Sarkar (1993): 1-points-method [15] 19 5.3684 17.3770 0.1518 8 0.6030 12 65.2429 11
Chung et al. (1994) [15] 22 4.6364 12.3600 0.1573 9 0.5750 11 65.9778 10
Held et al. (1994) [15] 17 6.0000 28.5000 0.1582 10 0.7917 17 54.0854 16
Ramer (1972) [15] 26 3.9231 5.2700 0.1598 11 0.3424 4 84.3933 8
Freeman & Davis (1997) [15] 19 5.3684 23.3100 0.1609 12 0.8088 19 53.2439 17
Chung et al (1994) [15] 14 7.2857 45.6000 0.1629 13 0.8591 20 51.4494 18
Douglas & Peuker (1973) [15] 16 6.3750 37.1200 0.1637 14 0.9134 21 48.1895 20
Arcelli & Ramella (1993) [15] 10 10.2000  75.1000 0.1691 15 0.7218 14 64.5096 12
Teh & Chin (1989) [15] 22 4.6364 20.6100 0.1716 16 0.9588 23 44.8868 22
Anderson & Bezdek (1984) [15] 18 5.6667 36.1400 0.1724 17 1.1255 26 42.3372 25
Rosenfeld & Wezka (1975) [15] 14 7.2857 59.1200 0.1756 18 1.1138 25 43.8402 24
Anderson & Bezdek (1984) [15] 29 3.5172 6.4300 0.1779 19 0.5198 8 60.3693 14
Ray & Ray (1992) [15]: (2) 27 3.7778 11.5000 0.1801 20 0.8058 18 45.9324 21
Chung et al. (1994) [15] 28 3.6429 9.6900 0.1811 21 0.7302 15 48.8511 19
Rosenfeld & Johnston (1973) [15] 30 3.4000 8.8500 0.1890 22 0.7656 16 44.7832 23
Ray & Ray (1992) [15]: (1) 29 3.5172 11.8180 0.1906 23 0.9553 22 38.9853 28
Rosenfeld & Johnston (1973) [15] 12 8.5000 92.3700 0.1914 24 1.2785 27 40.6401 27
Banerjee et al. (1996) [15] 27 3.7778 19.4000 0.1943 25 1.3593 29 30.7716 30
Banerjee et al. (1996) [15]) 6 17.0000  150.5300 0.1961 26 0.5209 9 95.9549 7
Ansari & Huang (1991) [15] 28 3.6429 17.8300 0.1966 27 1.3436 28 30.4967 31
Rattarnangsi & Chin (1992) [15] 9 11.3333  130.1300 0.1999 28 1.0131 24 57.6519 15
Deguchi (1990) [15] 13 7.8462 99.0400 0.2007 29 1.6088 30 33.2517 29
Freeman & Davis (1997) [15] 17 6.0000 79.5300 0.2067 30 2.2092 33 26.4984 33
Melen & Ozanian (1993) [15] 13 7.8462 122.4400 0.2151 31 1.9889 32 28.8197 32
Rosenfeld & Wezka (1975) [15] 34 3.0000 15.4000 0.2219 32 1.7111 31 23.2544 34
Prasad (2013) [64]: PRO 0.2 44 2.3182 0.615385 0.2268 33 0.1145 1 100.0000 1
Phillips & Ronsenfeld (1987) [15] 14 7.2857 184.0900 0.2514 34 3.4681 35 19.5399 35
Sankar & Sharma (1978) [15] 10 10.2000  769.5300 0.3765 35 7.3965 36 14.4876 36
Williams (1978) [15] 5 20.4000 1191.6800  0.4000 36 2.8635 34 41.4353 36

Features of semicircles. N = 102. Number of break points (BP) = 52. Length = 117.74. Maximum distance to centroid = 17.9227. Maximum distance to the axis of minimum

inertia = 17.4706.

The following methodology was developed: (1) the optimal
quality curves for the contour semicircles with NCA, WEZ2, Rosin’s
Merit, and Carmona’s Merit were generated (Fig. 11); (2) the best
polygonal approximations proposed by NCA, WE2, Rosin’s Merit,
and Carmona’s Merit were compared each other (Fig. 12); and, fi-
nally, (3) the quality of the polygonal approximations of the con-
tour semicircles generated by 43 algorithms was evaluated using
NCA, WEZ and Rosin’s Merit (Table 3);

The analysis of the optimal quality curves of the contour semi-
circles generated by these measurements allows the following re-
sults to be drawn: (1) as indicated in the first experiment, the op-
timal quality curve generated by the Rosin’s Merit always assigns
the best value (the maximum = 100%) to all optimal polygonal ap-
proximations; therefore, this measurement cannot allow to select
the best polygonal approximation among all (Figs. 11(a) and 12);
(2) the optimal quality curve generated by Carmona’s Merit assigns
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Fig. 6. Optimal polygonal approximations (OPA) for contour bat-1 (N = 1960; number of break points = 1449) proposed by some measurements and their number of
dominant points.
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Fig. 8. Optimal polygonal approximations (OPA) for contour cellular_phone-1 (N = 1102) proposed by some measurements and their number of dominant points (DP).

the best value to the optimal polygonal approximation with only
6 dominant points (Figs. 11(c) and 12(a)); (3) the optimal quality
curve of WE% proposed several local minimums, but reached the
global minimum (value = 0.0) when the optimal polygonal approx-
imation was composed of the all 52 break points of the contour
semicircles (Fig. 11 (b)), but this type of approximation is of no
practical use, as it was stated previously [25]; and (4) the optimal
quality curve of NCA allows to identify the best value (the mini-
mum) with the optimal polygonal approximation composed of 15
dominant points (Figs. 11(c) and 12(e)). Therefore, only NCA allows
to identify clearly the best polygonal approximation of the contour
semicircles.

In addition, Rosin’s Merit, WE% and NCA were used to evaluate
the polygonal approximations of 36 polygonal approximation algo-
rithms that were applied to the contour semicircles. Table 3) shows
the results: DP, CR, NCA's values, NCA’s rank, WEZ's values, WEZ's
rank, Merit's values, Merit’s rank, and Rosin’s rank [15]. The rank-

10

ings of NCA, WE% and Merit indicate the global position of each al-
gorithm among all 36 algorithms. The algorithms were ranked ac-
cording to the NCA’s values in Table 3. The best values were high-
lighted in bold.

The analysis of the results makes it possible to highlight the
following facts. The Rosin’s Merit proposed several polygonal ap-
proximations as the best but with different number of dominant
points (DP): with 10 DP: Yin (2013): HDPSO1 [60,61]; with 12 DP:
Wang et al. (2014) [62]; with 14 DP: Zhou & Lu (2010) [63]; with
15 DP: Horng & Li (2002) [13]; or with 44 DP: Prasad (2013): PRO
0.2 [64]. Fig. 11(a) shows how all these polygonal approximations
achieved the best value in the optimal quality curve. These polyg-
onal approximations are shown in Fig. 12. WE% proposed a polyg-
onal approximation with 44 DP, generated by Prasad (2013): PRO
0.2 [64], as the best. Obviously, this polygonal approximation has
too many and redundant dominant points to be considered as the
best (Figs. 11(b) and 12(f)). NCA proposed the polygonal approxi-
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points.

mation generated by Horng & Li (2002) [13] as the best, with 15
DP (Table 3 and Figs. 11(d) and 12(e)). Furthermore, this polygonal
approximation is symmetric like contour semicircles. This experi-
ment clearly showed that the new proposal NCA can fairly assess
the quality of polygonal approximations algorithms.

6. Conclusions and future work

Two proposals were presented in this work: (1) a new assess-
ment measurement, called normalized compression ratio and adjust-
ment error (NCA), for a fair evaluation of polygonal approxima-
tion algorithms (Section 3), and (2) a new methodology for eval-
uation of measurements for assessing polygonal approximations
(Section 4). The new assessment measurement NCA has four very
important properties: (1) it takes into account both the number
of points and the error of the polygonal approximation; (2) it is

1

normalized from O (best value) to 1 (worst value); (3) its com-
putational complexity is linear (O(n)), where n is the number of
contour points; and (4) for each contour, only a single polygo-
nal approximation is considered the best. On the other hand, the
new evaluation methodology is based on the optimal quality curve
concept, which can characterize the performance of the assess-
ment measurements for polygonal approximations. A simple visual
analysis of the optimal quality curve allows possible drawbacks or
weaknesses of the evaluation measurement to be detected.

Two experiments were developed in a comparative study to
evaluate the quality of the most popular measurements and the
new proposal NCA. In the first experiment (Section 5.1), the anal-
ysis of the optimal quality curves of eight well-known measure-
ments (FOM, WEmax, MFOM — 3, WE], WE2, WE3 Rosin’s Merit,
and Carmona’s Merit) showed that all of them have very impor-
tant weaknesses, whereas the optimal quality curves of NCA showed
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Fig. 10. Optimal quality curves for contour carriage-01 (N = 729) generated by (a) Carmona, (c) WE2 and (e) NCA. Note: in the X axis, only are plotted the values from 3 to
261 (number of break points). Optimal polygonal approximations (OPA) for contour carriage-01 (N = 729) proposed by (b) Carmona; (d) WE%, and (f) NCA and their number

of dominant points.

that a better optimal polygonal approximation could be found
easily.

In the second experiment (Section 5.2, the new proposal NCA
and WE%, Rosin’s Merit and Carmona’s Merit were used to evalu-
ate the quality of the polygonal approximations of the well-known
contour semicircles generated by 36 algorithms. This experiment
showed that NCA clearly outperformed to WEZ, Rosin’s Merit and
Camona’s Merit, because it was able to find the best polygonal ap-
proximation among all possible ones.

In summary, (1) the proposed measurement NCA can be used to
fairly evaluate and compare polygonal approximation algorithms of
2D closed curves or contours; (2) NCA takes into account both the
number of points of the polygonal approximation and the adjustment
error; (3) NCA is normalized between O (best value) and 1 (worst
value); (4) its computational complexity is linear (O(n)), where n
is the number of contour points. Furthermore, the new evaluation
methodology, based on the optimal quality curve concept, can be
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used to characterize the performance of the measurements for as-
sessing polygonal approximations.

Finally, future work should be aimed at five different ways: (1)
study of the influence of the parameter D on the performance
of NCA: in the experiments, the values of the maximum distance
from the contour points to the centroid (D¢), and the maximum
distance from the contour points to the minimum inertia axis (D)
were also used, but, in some cases, D; proposed polygonal approx-
imations with few points, whereas D, proposed polygonal approx-
imations with many points, whereas D = @ obtained better re-
sults; (2) fair comparison of different polygonal approximation al-
gorithms using NCA and a large database of contours to choose
the best one; (3) design a new polygonal approximation algorithm
using NCA as an objective function; (4), adaption of NCA to evalu-
ate polygonal approximation of 2D open curves, such as time series
[65]; and (5) study the combination of these algorithms with Ma-
chine Learning approaches to improve their performances.
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Fig. 11. Optimal quality curves for contour semicircles (N = 105) generated by (a) Rosin’s Merit, (b) WEZ and (c) NCA. Note:
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