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Abstract: A method by which ocular artefacts (OAs) in the electroencephalogram (EEG) may be
removed automatically online by electro-oculogram (EOG) subtraction is demonstrated. This is
achieved by a combination of recursively calculating the required cross-correlations, a fast matrix
inversion method, and the use of a modern microprocessor with a high clock rate. Although
recursive calculations are involved, the method itself is essentially non-recursive, which means that
distortion of any evoked potentials is minimised. The method may be applied simultaneously to
any number of EEG channels.

1 Introduction

The human electroencephalogram (EEG) is frequently
contaminated by ocular artefacts (OAs). These are large
varying electrical scalp potentials associated with eye
movements or blinks, and are caused by movement of a
corneo-retinal electric dipole and the short-circuiting of it by
the eyelid [1–3]. The change in potential is the ocular
artefact, which is superimposed upon the EEG and any
evoked potentials (EPs) present. EPs are signals of smaller
magnitude, which appear in the EEG in response to certain
stimuli. Typically the magnitudes of the signals may be:
OA - O(1000mV); EEG - O(100mV); EP - O(10mV). The
dipoles also produce electrical potential differences measur-
able between electrodes placed around the eye, which are
known as electro-oculograms (EOGs). Since the EEG and
the EPs have clinical applications it becomes necessary to
remove the ocular artefacts from EEG recordings. Current
clinical practice involves the EEGer inspecting the record-
ings and recognising the presence of OAs or removing them
offline. Computerised online removal of the EEGs would
simplify the inspection task and save time by rendering
offline removal unnecessary.

Ocular artefact removal (OAR) has been reviewed in [4].
Methods based on modelling the OAs as a sum of EOG
terms and then subtracting the modelled OA from the
measured EEG to provide an estimate of the artefact-free
EEG have been the most widely used. The method may in
principle be applied offline using a non-recursive algorithm,
or online using a recursive algorithm. In practice, online
multi-channel OA removal (OAR) has been restricted by
the speed of the available microprocessors to only a few
EEG channels, but this restriction has now been overcome
with the availability of faster microprocessors.

Where online OAR is implemented recursively using
earlier methods [5] the shapes of the EPs are modified [6].
Furthermore, because the methods are imperfect some
artefact in the corrected EEG will always remain [7],
whether it be corrected recursively or non-recursively. It has
been established in simulations that after OAR the EEG
power remained modified by 3% over a 14 s recording, and
that the radial component of the OA [8] contributed up to
30% of the residual OA power [9]. The residual artefact
within the EEGs was not visually detectable. Good results
in differentiating between subject categories based on
EPs have nevertheless been achieved using EOG subtraction
[10, 11]. In [12] an online non-linear recursive method
is described. This method may suffer from similar problems
to those encountered in the linear recursive technique.

An expert system technique has been applied to identify
OAs and to distinguish them from pathological waves in the
EEG [13, 14]. This allowed OAR at the point of occurrence
only. Unfortunately, this approach cannot be adopted more
widely without the knowledge base and rules.

The purpose of this paper is to show how multi-channel
OAR may now be achieved online by EOG subtraction.
This is achieved by the combination of a recursive cross-
correlation calculation, a fast matrix inversion, and a
higher-speed microprocessor than had hitherto been avail-
able. It is shown that the results obtained agree with those
of an intensive previous investigation of OAR [9], in which
a quantitative theory of residual OA was presented,
together with the results of measurements and calculations
of residual artefact power. Without being a central purpose
of the work comparisons of this method with others have
been made [7].

2 Theory of ocular artefact removal

In the EOG subtraction method [9, 15] the ocular artefact
OA in an EEG signal is represented by a linear model of the
form:

OA �y1EOG1 þ y2EOG2 þ . . . :þ yiEOGi

þ . . .þ ynEOGn ð1Þ
where the EOGi are the electro-oculogram signals (repre-
sented as a vector of signal samples in which
EOGi¼ {EOGi,0, EOGi,1,y. EOGi,N�1} for the N
signal samples from 0 to N�1) measured between pairs
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of electrodes placed around the eyes, and the yi are
parameters of the model. The vector, EEGM, of measured
EEG signals containing ocular artefacts can then be
represented in terms of EEGT, the true EEG, as:

EEGM ¼EEGT þ y1EOG1 þ y2EOG2

þ . . . :þ yiEOGi þ . . .þ ymEOGm ð2Þ
A common approach [16] to find an estimate, OAE, of the
OA is to make a least squares fit of the linear model (2) to
EEGM. It is shown in [15] that the least squares estimates
for the yi, are given by the solution of the linear equations:

ĥh ¼ ðXTXÞ�1
XTEEGM ð3Þ

where ĥh
T ¼ ½ŷy1; ŷy2; . . . ::ŷym� is the vector of parameter

estimates ĥh for a model of order m, X is the matrix whose
jth column is the column vector EOGj, (XTX) is a matrix of
cross-correlations at zero lag of the EOGiS, and XTEEGM is
a matrix of cross-correlations of EOGiS and EEGMs. The
mean values of the signals are removed either during or
before the correlation calculations. EEGE, the estimated
EEG, is taken as the remaining signal after the estimated
artefact has been subtracted from the measured EEG, thus:

EEGE ¼EEGM � ðŷy1EOG1 þ ŷy2EOG2

þ . . . :þ ŷyiEOGi þ . . .þ ŷymEOGmÞ ð4Þ

3 Implementation

The aim was to perform online OAR. It is shown here how
OAR may be implemented online not by a recursive
algorithm, but by using a recursion in the computation
(which accelerates the computation of the matrix) and a
faster microprocessor. Writing (3) in full for one EEG
channel gives:P
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where the summations are carried out over i¼ 0 to i¼N�1,
i.e. over the N sample points, and m is the model order
(¼ number of EOG terms in the OA model).

It is seen that all the terms on the right hand side of (5)
are N times the cross-correlations at zero lag of either the
EOGs, or of the EOGs by the EEG. The matrix to be
inverted is also symmetrical about the leading diagonal, and
therefore contains m

2
ðmþ 1Þ different cross-correlations.

The total number of cross-correlations in (5) is
m
2
ðmþ 1Þ þ m. For M EOG channels there are m

2
ðmþ 1Þ þ

mM different correlations. Each correlation involves the
computation of N products and N�1 sums. Altogether for
M EOG channels, therefore, ðm

2
ðmþ 1Þ þ mMÞN products

and ðm
2
ðmþ 1Þ þ mMÞðN � 1Þ sums must be calculated.

For typical values of m¼ 4, M¼ 32, and N¼ 250 there are
33,500 products and 33,366 sums. These must all be
executed within one sampling interval if on-line OAR is to
be feasible. For signals sampled at 125 Hz, the sampling
interval will be 8 ms. Thus, we sought to reduce the number
of computations.

Consider the data to be viewed through a sliding window
of length n points with the final point in the window being
indexed as i. The cross-correlations were speeded up using
the recursion [17]:

Ri
abð0Þ ¼ Ri�1

ab ð0Þ þ aðiÞbðiÞ � aði� nÞbði� nÞ ð6Þ
where Ri

abð0Þ is the zero lag cross-correlation evaluated for
the points i in the sequences a(i) and b(i) of length n. When
the computation begins the windows contain n�1 zeros,
correct cross-correlations being obtained after the first n�1
cross-correlations have been computed. Each cross-correla-
tion now only involves two multiplications and two sums
(one negative). With n¼ 250, this represents an increase in
speed by a factor of 125.

The EOG subtraction method requires that the DC levels
of the voltages be set to zero for good results [16]. This must
be effected for each data window and is also, therefore,
most efficiently done recursively for any sequence a(i) using:

�aaðiÞ ¼ �aaði� 1Þ þ 1

n
ðaðiÞ � ðaði� nÞÞ ð7Þ

It is possible to combine the cross-correlations and the DC
level removal in one recursive algorithm. Let the average of
any sequence a(i) be denoted as:

�aaðiÞ ¼ 1

n

Xn�1

i¼0

aðiÞ ð8Þ

The cross-correlation function is:

Ri
abð0Þ ¼

Xn�1

i¼0

aðiÞbðiÞ ð9Þ

When the DC levels have been removed the cross-
correlation function becomes:

Ri;DC
ab;j ð0Þ ¼

Xn�1

i¼0

ðaðiÞ � �aaðiÞÞðbðiÞ � �bbðiÞÞ ð10Þ

which upon expansion simplifies to:

Ri;DC
ab ð0Þ ¼ Ri

abð0Þ � n�aaðiÞ�bbðiÞ ð11Þ
Substituting (6) into (11) gives:

Ri
abð0Þ ¼ Ri�1

ab ð0Þ þ aðiÞbðiÞ � aði� nÞbði� nÞ ð12aÞ
and

Ri;DC
ab ð0Þ ¼ Ri

abð0Þ � n�aaðiÞ�bbðiÞ ð12bÞ
which together with equations similar to (7) for %a(i) and %b(i)
constitutes the recursive algorithm.

Given all the values of the cross-correlations, (5) is
calculated for each EEG channel to obtain the model
parameters y for each of the points i. Thus, the y are
computed adaptively for each window. Equation (4) is then
used to obtain the estimated EEG at i.

The solution of the linear equations (5) once per sampling
interval was achieved using the method of LU decomposi-
tion [18].

4 Method

A number of EEGs in the absence of eye movements and
blinks were recorded as well as EEGs and four EOGs in the
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presence of OAs as described in [9]. EOG voltages V1, V2,
V3, and V4 were measured (Fig. 1). The vertical right EOG,
VEOGR, the horizontal right EOG, HEOGR, the horizon-
tal left EOG, HEOGL, and the radial right EOG, REOGR,
were then given by:

VEOGR¼V1�V2, HEOGR¼V3, HEOGL¼V4, and
REOGR¼ (V1+V2)/2. EEGs were measured between
electrode sites Cz, P4, F4, O1 and linked mastoids. Quasi-
periodic vertical, horizontal, and oblique eye movements,
and also random eye movements with blinks, generated
corresponding EOGs. The sampling frequency was 125 Hz.

OA contaminated measured EEGs were also simulated
by adding an OA model (1) to EEG measured (EEGM)
with stationary eyes (2). One model consisted of VEOGR,
HEOGR, and HEOGL; the second also included REOGR.
Model coefficients in the range y¼ 0.2 to 0.7 were used to
introduce significant amounts of artefact. Recorded OA-
contaminated EEGMs were also processed. Comparisons
were made between this method and the non-recursive
OAR.

The time needed to correct 8 EEG recordings of 14
seconds length were measured using twelve different
window lengths between n¼ 10 points and n¼ 512 points.
From these, the time to correct the current 32 points
corresponding to 32 EEG channels within one sampling
period of 8 ms was calculated. The processor clock
frequency was 150 Mz. With modern faster processors
operating at, as an example, 1.2 GHz, the computation time
is reducible by a factor of 8, or alternatively 256 channels
could be corrected in the same time.

5 Results and discussion

5.1 Residual artefact
The powers POAR, PEEGE, and POAT of the voltage
waveforms of OAR (the residual OA voltage), EEGE (the
estimated EEG voltage), and OAT (the total OA voltage),
respectively, were calculated for the 14 s recordings. Note
that EEGE¼EEGM�OA (OA model), and OAR¼
EEGE�EEGT. In this way, example power ratios of
POAR/PEEGE were found to be 2.3% (vertical EM), 9%
(horizontal and oblique EMs), 10% (blinks), and 19.6%
(random EMs). The ratio of POAR/ POAT lay between
5.8% and 20%. These results were in general agreement
with those in [9], suggesting that the method functioned
correctly. Example EEGT, EEGE, and OAR waveforms are
shown in Fig. 2.

5.2 Timings
The time required to correct the current sample from each
of 32 channels for different window lengths was determined.
With n¼ 200 this was 8.05 ms, which just exceeded the
sampling interval and also resulted in some distortion. With
n¼ 400 (no distortion) the time was 15.8 ms, just under two
sampling intervals. Thus, with a 150 MHz clock, 16
channels of EEG can be corrected, and with a 1.2 GHz
clock, 128 channels can be corrected online. More channels
could be accommodated by using more microprocessors.

5.3 Real data
In Fig. 3 the corrected EEGs are plotted for the case of
quasi-periodic vertical eye movements, with and without
including the radial component of the electrical dipole.
Incorporation of the radial component resulted in more
complete OAR.

V1

V2

V3 V4

Fig. 1 EOG electrode sites and measured voltages
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Fig. 2 EEGT (largest amplitude trace), EEGE, and OAR
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Fig. 3 The measured EEGT (largest amplitude trace) and the
corrected EEGs for the case of quasi-periodic vertical eye movements
with (smallest amplitude trace) and without including the radial
component of the electrical dipole
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In Fig. 4 the measured and corrected EEGs in the
presence of vertical EM are shown. Corresponding wave-
forms are plotted in Figs. 5 and 6 for oblique and random
EMs, respectively. The gross artefact can be seen to have
been removed in each case. In Fig. 7 the EEGs are shown
for online OAR using the algorithm and for the offline
non-recursive method in the case of random eye move-
ments. There is some divergence in the waveforms at later
sample numbers.

5.4 Remarks
Previously suggested online OAR methods were recursive
[5] and caused distortion of evoked potentials in the EEG
[6]. In this method, each voltage sample is corrected non-
recursively such that the distortion is avoided. Furthermore,
the number of computations, and hence the time needed to
correct the corresponding time samples from all the
different channels, is considerably reduced by performing
the associated cross-correlations for each temporally
succeeding set of samples recursively. The method may be
described as adaptive and non-recursive in time.

The results given here are in agreement with the
quantitative results for the amounts of residual artefact in
the EEGs corrected by EOG subtraction as given elsewhere

[9]. Reference is made to that paper for full details and for
the theory of residual OA.

6 Conclusions

It has been demonstrated that using modern microproces-
sors with clock rates of about 1 GHz ocular artefacts in
multi-channel EEGs can be removed online using the EOG
subtraction method.
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